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Abstract 32 

   The drop size distribution (DSD) of precipitation particles is a fundamental property for 33 

characterizing rainfall. This study statistically clarified the characteristics of DSDs using 34 

approximately 10 years of DSD data obtained from a ground-based optical disdrometer in 35 

Kumagaya, the eastern part of Japan. The results showed that DSDs tended to maintain 36 

their shape even as rainfall intensity (R) increased, and they tended to be distributed in a 37 

certain region, i.e., the mass-weighted mean diameter (Dm) ~2.0–3.0 mm and the 38 

generalized intercept parameter (Nw) ~2103–3104 mm−1 m−3, of the DSD parameter space 39 

defined by Dm and Nw. The quasi-equilibrium shape of the DSDs, which is rarely observed 40 

only 16 cases in this study, was likely to be different characteristics between maritime and 41 

continental convection. Among them, the contribution to R was large when Dm or Nw was 42 

effectively increased with temporal change based on an error analysis. DSD characteristics 43 

were also identified by statistically evaluating the relationship between the specific 44 

differential phase (KDP) and R in DSDs for C-band polarimetric weather radar. The results 45 

showed that the coefficient of the KDP–R relation tended to be larger (>24.0) during the warm 46 

season (from May to October) and smaller (<21.0) during the cold season (from January to 47 

April and from November to December) when assuming a temperature of 10 degrees 48 

Celsius, whereas the exponent of the relation had no apparent trend. Furthermore, it is likely 49 

that the slope parameter, one of the DSD parameters, can be optimized for stronger rainfall 50 

events with a nearly same size distribution. 51 
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1. Introduction 54 

The drop size distribution (DSD) of precipitation particles is a key property characterizing 55 

rainfall that has been studied worldwide in various ways, including by laboratory experiments, 56 

numerical modeling, and observational analyses. In cloud microphysical processes, the 57 

larger drops, once they grow to about 10 micrometers in radius by the condensation of water 58 

vapor, are produced by coalescence process before they reach the ground. The effects on 59 

raindrops of collisional coalescence and collisional breakup, which envisions to be obtained 60 

under warm rain processes, in particular have long been studied. The earlier studies showed 61 

that DSDs characteristically have shown to be trimodal (Valdez and Young 1985, Brown 62 

1986, Feingold et al. 1988, Chen and Lamb 1994) based on Low and List (1982)’s 63 

parameterization and ground-based observations using impact type Joss-Waldvogel 64 

disdrometers, while laboratory experiments have shown them to be bimodal (Steiner and 65 

Waldvogel 1987; List et al. 1987; Asselin de Beauville et al. 1988). Subsequent studies 66 

showed that there were problems with the Joss-Waldvogel disdrometer showing a false peak 67 

mainly associated with uneven operation (Sheppard 1990) and this instrument-related peak 68 

was evaluated by McFarquhar and List (1993). McFarquhar (2004a) developed a more 69 

physical based parameterization of the fragment size distributions by colliding raindrops and 70 

showed that the stationary distribution obtained numerically was to be bimodal. More 71 

recently, Straub et al. (2010) also showed the bimodal stationary distribution obtained 72 

numerically using computational fluid dynamics program (Beheng et al. 2006; Schlottke et 73 
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al. 2010). These studies suggest that laboratory-based and theoretical parameterizations for 74 

numerically representing an equilibrium distribution are approaching closure (McFarquhar 75 

2010). Nevertheless, observational studies (McFarquhar et al. 1996; D’Adderio et al. 2018) 76 

showed that DSDs rarely reached an equilibrium shape except in heavy rainfall events 77 

(Garsia-Garcia and Gonzalez 2000). Such observational results were not always consistent 78 

with the numerically obtained stationary distributions, probably due to evaporation (Brown 79 

1993; Hu and Srivastava 1995), size sorting by updrafts (Kollias et al. 2001; McFarquhar 80 

and List 1991), number of observational samples (McFarquhar 2004b), and wind shear 81 

(Dawson II et al. 2015). 82 

Although there were the inconsistencies between numerically obtained stationary 83 

distributions and observed distributions as described above, a few studies tried to extract 84 

stationary distributions from observational DSDs and to examine their characteristics. Low 85 

and List (1982) identified a relationship dependent on raindrop size to parameterize the 86 

breakup efficiency in terms of collisional kinetic energy (CKE), and they showed that as a 87 

result of raindrop coalescence, inflection points occur in DSDs at raindrop diameters of 88 

around 1.0–2.6 mm. Thus, when collisional breakups occur, decreases in the frequency of 89 

raindrops with diameters around 1.5 mm and increases in the frequency of raindrops with 90 

diameters of less than 1 mm and with diameters of 2–3 mm often produce bimodal DSDs 91 

(McFarquhar 2004a; Prat and Barros 2007; McFarquhar 2010; Straub et al. 2010; D'Adderio 92 

et al. 2015) as stationary distributions, as shown in McFarquhar (2004a)’s Fig. 15 or Straub 93 
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et al. (2010)’s Fig. 10. Based on this prior work, D'Adderio et al. (2015) have proposed an 94 

algorithm to detect DSDs that have approached equilibrium shape by taking into account 95 

this characteristic of the bimodal distribution that an inflection point occurs. Also, D'Adderio 96 

et al. (2018) found that DSDs were likely to have an inflection point, which were referred to 97 

as an equilibrium shape in their study, when the temporal changes of the rainfall intensity 98 

(R) were large. Their method finding an inflection point in a DSD could represent one of the 99 

characteristics of the bimodal stationary distribution obtained from the previous studies (e.g., 100 

McFarquhar 2004a; Straub et al. 2010); however, it is necessary not only to find an inflection 101 

point of a DSD, but also to quantitatively assess the degree of shape similarities in the size 102 

distribution. 103 

An equilibrium shape of DSD, in addition to having a bimodal shape, is characterized by 104 

a large-drop tail slope with a slope parameter (Λ) of around 2 mm−1 of the DSD. This feature 105 

can be demonstrated by using an optical spectrometer (Willis and Tattelman 1989), and it 106 

has been identified in case studies that used optical disdrometers. Friedrich et al. (2013), 107 

who studied DSDs observed during storm passages in the United States, showed that the 108 

Λ of DSDs was constant during strong rainfall events, and Unuma et al. (2023) and Unuma 109 

(2024) have shown that in heavy rainfall systems in Japan, the value Λ was approaching to 110 

around 2 mm−1 as R increases. These results suggest that it might be possible to identify 111 

equilibrium shape of DSDs in terms of Λ (see Appendix A and Fig. A1). 112 

  From the DSD parameter perspectives, Bringi et al. (2003) have proposed that the DSDs 113 
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observed during several field campaigns can be broadly classified into maritime and 114 

continental climatic regimes according to the DSD parameters (e.g., the mass-weighted 115 

mean diameter Dm and the generalized intercept parameter Nw). Dolan et al. (2018) have 116 

conducted an empirical orthogonal function (EOF) analysis of global observations, including 117 

observations in different climate regions, and have proposed a region-independent DSD 118 

regime that takes account of the relationship between the characteristics of DSDs in different 119 

regions and their dominant cloud microphysical processes. It has been pointed out that in 120 

the tropics, in particular, it may not be possible to simply separate precipitation processes 121 

below the melting layer into stratiform and convective rainfall regimes, which is considered 122 

to be an important characteristic of precipitation processes that produce heavy rainfall in the 123 

tropics. For example, Thompson et al. (2018) showed that the convective-stratiform 124 

separation is not effective for rainfall estimation when R is stronger. In Japan, however, no 125 

study has demonstrated the characteristic features of DSDs based on long-term ground-126 

based observations. 127 

Quantitative precipitation estimation (QPE) of warm-season heavy rainfall remains a 128 

challenging task (e.g., Fritsch and Carbone 2004). R estimation techniques are the 129 

cornerstone of short-term (i.e., typically less than one hour) forecasting, and various 130 

relational formulas for R estimation have been proposed that use ground-based 131 

measurements and/or polarimetric weather radar observations (e.g., Ryzhkov and Zrnić 132 

2019; WMO 2024). Among them, a method using the specific differential phase (KDP) for 133 
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estimating R (Sachidananda and Zrnić 1987) is less susceptible to ground clutter and 134 

anomalous propagation (Zrnić and Ryzhkov 1996; Ryzhkov and Zrnić 1998) and has many 135 

advantages when used with C-band radar observations, which are less susceptible to rainfall 136 

attenuation. Many studies have proposed a KDP–R relation for C-band polarimetric radar 137 

observations (May et al. 1999; Bringi et al. 2011; Vulpiani et al. 2012; Figueras et al. 2012; 138 

Wang et al. 2013; Thompson et al. 2018; Chen et al. 2017). The relation proposed for C-139 

band radar observations in Japan (Bringi et al. 2006; Adachi et al. 2015) has been applied 140 

on a case study basis, but the relation has not been established by using long-term data, 141 

especially, ground-based DSD observation data. 142 

In recent years, various aspects of specific rainfall events in Japan have been studied 143 

(e.g., Tsuguti and Kato 2014; Unuma and Takemi 2016, Kato 2020). Most of these studies 144 

identify a precipitating area where R or the accumulated rainfall amount exceeds a certain 145 

threshold as a heavy rainfall event; however, it has been pointed out that R or the 146 

accumulated rainfall amount are not sufficient to define heavy rainfall (Hirockawa et al. 2020; 147 

Unuma and Takemi 2021). In addition, because R is obtained by integrating a DSD, it should 148 

be possible to examine the precise characteristics of strong rainfall in terms of not only R 149 

itself but also DSD properties such as size distribution related parameters. For example, 150 

Adachi et al. (2013) and Otsubo and Adachi (2024) used the relationship between differential 151 

reflectivity (ZDR) and R for the QPE on case study basis. However, ZDR is affected by rainfall 152 

attenuation in C-band polarimetric weather radar, suggesting that the KDP–R relation, which 153 
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is less affected by rainfall attenuation, is reasonable to use for C-band radar. Furthermore, 154 

to use operational polarimetric weather radar to accurately detect high-impact weather 155 

events that cause heavy rainfall, it is necessary to clarify the appropriate relation between 156 

R and KDP, which is expected to contain a signal that can be used for the detection of 157 

precursors of precipitating systems that may cause heavy rainfall-related disasters. 158 

  Therefore, the first purpose of this study is to statistically characterize DSDs of strong 159 

rainfall events observed in Kumagaya, eastern Japan, and the second purpose is to obtain 160 

an optimized KDP–R relation for strong rainfall to improve QPE. In this paper, Section 2 161 

presents details of the data and methodology, Section 3 presents the results, which are 162 

discussed in Section 4. In the final, conclusion section, some implications of this study are 163 

discussed. 164 

 165 

2. Data and Methodology 166 

The data used were obtained by a first-generation OTT-Parsivel disdrometer (Löffler-167 

Mang and Joss 2000) installed at Kumagaya (Fig. 1). A Parsivel disdrometer measures the 168 

drop size and fall velocity of precipitation particles. The original data are observed within a 169 

laser beam sheet and output in 32 drop-size categories (i direction) and 32 fall-velocity 170 

categories (j direction). The laser beam sheet of the Parsivel disdrometer is 180 mm long, 171 

30 mm wide, and 1 mm thick, and the effective sampling area S (m−2) is expressed as 0.180 172 

 (0.030 – L/2), where L is a size parameter that depends on the drop size. The drop 173 

Fig. 1 
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diameters range from 0.2 to 25 mm and velocities range from 0.2 to 20 m s−1, respectively. 174 

The two smallest drop size categories were not used in this study because of their low signal-175 

to-noise ratios (Tokay et al. 2013). Observed drop sizes were converted into the equivalent 176 

volume diameter (De) in accordance with Adachi et al. (2013) (hereafter, De is represented 177 

simply as D). The drop-size distribution N(D) (mm−1 m−3) was then obtained as follows: 178 

𝑁(𝐷) = ∑
𝐶𝑖,𝑗

𝑆 𝑉𝑗(𝐷𝑖) ∆𝑡 ∆𝐷𝑖

32

𝑗=1

,    (1) 179 

where Ci,j represents the raw output having a matrix structure with 32 drop-size categories 180 

and 32 fall-velocity categories, Vj(Di) (m s−1) is the fall velocity for each drop size Di, t is the 181 

observation time interval (60 s in this study), Di is the drop-size spread (mm) in equivalent 182 

volume diameters, and the subscripts i and j indicate the drop size and fall velocity category, 183 

respectively. To eliminate unreliable data, disdrometer observations with R less than 0.1 mm 184 

hr−1, or a number of observed particles less than 10 drops per 1 min in Ci,j, was excluded 185 

following Tokay et al. (2014). We verified R data against a tipping-bucket-type rain gauge 186 

data. First, we assumed that the formula of Atlas et al. (1973) as described the fall velocity 187 

of raindrops and used data with fall velocities within ±50% of the formula values. After this 188 

quality control step, R (mm hr−1) was calculated from the observed DSD data with the 189 

following equation: 190 

𝑅 = 6 × 10−4 𝜋 ∑ ∑
𝐶𝑖,𝑗

𝑆 𝑉𝑗(𝐷𝑖) ∆𝑡∆𝐷𝑖  
 𝑉𝑗(𝐷𝑖) 𝐷𝑖

3

32

𝑗=1

32

𝑖=1

,    (2) 191 

which is the mass flux, i.e., the mass of raindrops falling on a unit area per unit time. 192 
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Figure 2 shows a scatter plot of R calculated with Eq. (2) using DSDs observed by the 193 

Parsivel disdrometer versus those obtained by the rain gauge. The values generally fell 194 

along a straight one-to-one line (correlation coefficient 0.92; slope of the fitted line 0.95); this 195 

result indicated that the Parsivel disdrometer-related R were good agreement with rain 196 

gauge data. 197 

The DSD parameters were calculated by assuming a normalized gamma distribution and 198 

calculated the parameter using the moment technique (Hardin and Guy 2017). The 199 

normalized gamma distribution of drop sizes (Testud et al. 2001) was expressed as 200 

𝑁(𝐷) = 𝑁𝑤𝑓(𝜇) (
𝐷

𝐷𝑚
)

𝜇

exp [−(4 + 𝜇)
𝐷

𝐷𝑚
],    (3) 201 

where the generalized intercept parameter 𝑁w (mm−1 m−3) was calculated as 202 

𝑁w =
44 𝐿𝑊𝐶

𝜋𝜌w 𝐷m
4

,     (4) 203 

and 𝑓(𝜇) was defined as 204 

𝑓(𝜇) =  
Γ(4)

44
 
(4 + 𝜇)(4+𝜇)

Γ(4 + 𝜇)
.     (5) 205 

Here, 𝜇 is a shape parameter, 𝜌w is the density of water (g m−3), and Γ is the Gamma 206 

function. The liquid water content LWC (g m−3) and the mass-weighted mean diameter Dm 207 

(mm) were obtained with following equations: 208 

𝐿𝑊𝐶 =
𝜋𝜌𝑤

6
 ∑ ∑

𝐶𝑖,𝑗

𝑆 𝑉𝑗(𝐷𝑖) ∆𝑡∆𝐷𝑖
𝐷𝑖

3

32

𝑗=1

32

𝑖=1

,     (6)  209 

and 210 

Fig. 2 
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𝐷m =

∑ ∑
𝐶𝑖,𝑗

𝑆 𝑉𝑗(𝐷𝑖) ∆𝑡∆𝐷𝑖
𝐷𝑖

432
𝑗=1

32
𝑖=1

∑ ∑
𝐶𝑖,𝑗

𝑆 𝑉𝑗(𝐷𝑖) ∆𝑡∆𝐷𝑖
𝐷𝑖

332
𝑗=1

32
𝑖=1

.     (7) 211 

The exponential distribution of drop size was expressed as 212 

𝑁(𝐷) = 𝑁0 exp(−Λ𝐷),    (8) 213 

where 𝑁0  (mm−1 m−3) is the intercept parameter and Λ  (mm−1) is the slope parameter, 214 

which are calculated by the moment relation method of Zhang et al. (2008). 215 

  The analysis period was from 00:00 Japan Standard Time (JST: 9 hours ahead of 216 

Coordinated Universal Time) on 1 January 2010 to 23:59 JST on 31 December 2022. The 217 

data were output every 1 min. Several outages for instrument maintenance occurred during 218 

the analysis period; the actual number of available samples was 294,756. 219 

  To detect the equilibrium shape of DSDs, the algorithm of D'Adderio et al. (2015, 2018) 220 

was applied to Parsivel disdrometer data. The algorithm is based on the concept that a DSD 221 

that has an inflection point caused by a decrease in the frequency of raindrops with a 222 

diameter of around 1.5 mm, and an increase in the frequency of larger and smaller drops as 223 

a result of collisional coalescence and breakup. Briefly, the calculation procedure of 224 

D’Adderio et al. (2015) is as follows: Over 5 bins from smaller (i.e., 1.0 mm in their study 225 

and we used the same value in this study) to larger diameters, the linear best fit of the 226 

considered DSD obtained from Eq. (1) is calculated. Starting points are considered from 1.0 227 

to 1.6 mm with 0.2-mm-diameter spreads, and then four linear relationships are calculated. 228 

The maximum slope among the four relationships is defined as the highest slope (HS; units, 229 
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mm−2 m−3). The occurrence of an inflection point (i.e., HS > 0) in a DSD indicated that the 230 

DSD has approached equilibrium shape as one of their characteristics. Focusing on stronger 231 

rainfall events, only events with R equal to or greater than 10 mm hr−1 were applied (3,736 232 

DSDs). In addition, considering the variety and diversity in the height of stationary 233 

distribution peaks, a DSD was extracted as one that can be explained by more than 90% of 234 

the stationary distribution obtained in McFarquhar (2004a) or Straub et al. (2010) for the 235 

stationary distribution normalized by its total number concentration. In procedure, 236 

coefficients of determination were calculated after satisfying the HS > 0 conditions of 261 237 

DSDs. The DSDs for which the coefficients of determination between Parsivel’s DSD and 238 

one of the stationary distributions was equal to or larger than 0.9 were collected. Finally, the 239 

total number of the obtained DSDs was 16; hereafter, the DSDs were called quasi-240 

equilibrium DSDs (QEDSDs) in this study. A way of the quantifications for a similarity of the 241 

prescribed stationary distributions obtained from theoretical parameterization (Straub et al. 242 

2010) or laboratory-based parameterization (McFarquhar 2004a) was applied to the 243 

procedure in addition to finding an inflection point in a DSD (e.g., D’Adderio et al. 2015). The 244 

additional procedure makes it possible to extract the QEDSD from observed DSDs even if 245 

a stationary distribution observed in nature may differ from the size distributions obtained 246 

from theoretical parameterization (Straub et al. 2010) or laboratory-based parameterization 247 

(McFarquhar 2004a) due to uncertainties of the peak heights in the measured DSD. 248 

 249 
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3. Results 250 

  At first, a general feature of the observed DSDs was described using the DSD parameters. 251 

A scatter plot of the DSD parameters Dm and Nw in relation to R is shown in Fig. 3. When R 252 

was relatively weak (e.g., ~3 mm hr−1), the variation of Dm and Nw were very large, ranging 253 

from 1.0 to 5.0 mm and from 101 to 105 mm−1 m−3, respectively, whereas when R exceeded 254 

50 mm hr−1, the variation of Dm was relatively small (e.g., ~1.0–2.0 mm), and most cases 255 

were distributed within a specific region of the DSD parameter space, i.e., Dm ~2.0–3.0 mm 256 

and Nw ~2103–3104 mm−1 m−3. The regions of the DSD parameter space corresponding 257 

to continental convection (solid line rectangle), maritime convection (dashed line rectangle), 258 

and stratiform rainfall (dotted line) types, as classified by Bringi et al. (2003), are also shown. 259 

R ranged from 10 to 80 mm hr−1 in the maritime convection region, and from 3 to 50 mm hr−1 260 

in the continental convection region. Most cases with R exceeding 50 mm hr−1 were 261 

distributed between the maritime convection and the continental convection regions, 262 

whereas many cases with weak R (<5 mm hr−1) corresponded to stratiform rainfall cases 263 

and could be clearly distinguished from convective cases. Most of QEDSD cases (cyan 264 

markers) were distributed between continental and maritime convection regions or in larger 265 

Dm (>2.5 mm) region. The characteristics of each marker will be described later. 266 

  To understand differences in the shape of QEDSDs, the frequency distributions of all data 267 

and QEDSD cases (Fig. 4) were examined. For QEDSD cases (Fig. 4b), the range from the 268 

10th to the 90th percentile of DSDs in diameter from 0.5 to 1.0 mm was narrower compared 269 

Fig. 3 

Fig. 4 
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with that for all data (Fig. 4a). On the other hand, in diameter larger than 1.0 mm, the range 270 

from the 25th to the 75th percentile of DSDs as well as from the 10th to the 90th percentile is 271 

slightly wider than that for all data, which is probably due to the variability of the peak height 272 

(e.g., McFarquhar 2004a). Although there were some variations in QEDSDs, the shape of 273 

the distribution was significantly different among them; There are an inflection point between 274 

1.0 mm and 2.0 mm in diameter and a secondary peak in QEDSDs with a relatively higher 275 

concentration for larger diameter (>2.0 mm). Additionally, the distribution of median values 276 

is quite similar to that of Straub et al. (2010), and the distribution of 25th percentile resembles 277 

that of McFarquhar (2004a). 278 

  To see how the quasi-equilibrium shape has been established, the diameter size which 279 

shows an inflection point in the distributions is examined (Fig. 5). The size ranges from 1.0 280 

to 1.6 mm with the most frequent diameter of 1.59 mm, indicating that the shape of DSDs 281 

seems to be approaching an equilibrium shape although there are small variations in the 282 

inflection points of the distribution. 283 

  We next examined the contributions of temporal changes in Dm and Nw to changes in R 284 

in order to evaluate how R increases or decreases in terms of DSD parameters. Additionally, 285 

we applied error analysis (e.g., Bevington and Robinson 2003) to quantify the contribution 286 

of changes in Dm and Nw to changes in LWC. First, we transformed Eq. (4) to the following: 287 

𝐿𝑊𝐶 =
𝜋 𝜌𝑤

44
 𝑁w 𝐷m

4 ,     (9) 288 

where 
𝜋 𝜌𝑤

44   is a constant. Next, taking the logarithm of both sides of Eq. (9) and 289 

Fig. 5 
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differentiating each side, we obtained the following equation: 290 

∆𝐿𝑊𝐶

𝐿𝑊𝐶
=

∆𝑁w

𝑁w
+ 4

∆𝐷m

𝐷m
.     (10) 291 

Here, ∆ indicates the difference in parameter values between the time when HS > 0 and one 292 

minute before. Note that Eqs. (2) and (6) can be regarded as approximately proportional to 293 

the integral of the DSD multiplied by D to the 3rd moments; thus, the analysis in this study 294 

was performed on an assumption that the change in R was proportional to that in LWC. Here, 295 

we focused on QEDSD cases and applied the assumption to the analysis. 296 

A scatter plot between the two terms on the right-hand side of Eq. (10) in relation to the 297 

change of R for QEDSDs is shown in Fig. 6. The QEDSD cases of increasing R were 298 

distributed in the first (star), second (square), and fourth (triangle) quadrants, whereas those 299 

cases of decreasing R were less likely to be located in the first quadrant. Comparison of the 300 

frequencies of cases among the quadrants indicated that the highest number of cases (8 301 

DSDs) were those in which Nw increased and Dm decreased, followed by cases in which 302 

both Nw and Dm increased (4 DSDs), and those in which Dm increased but Nw decreased (3 303 

DSDs). Note that in 3 DSDs among the highest number of cases rainfall amounts rapidly 304 

increased. Only 1 DSDs showed decreases in both Nw and Dm. Compared to Fig. 3, half of 305 

the second quadrant cases with increased Nw and decreased Dm were distributed to 306 

correspond to the cases with larger Dm (>3.0 mm) cases, which is mainly related to the wide 307 

range of frequency distributions in the shape of QEDSDs (Fig. 4b). The other half of second 308 

(Dm decreased and Nw increased) and most of the fourth (Dm increased and Nw decreased) 309 

Fig. 6 
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quadrant cases were mostly distributed between maritime and continental convective areas 310 

except the first (both Dm and Nw increased). 311 

When DSDs approach an equilibrium shape, Λ approaches a constant value (e.g., Willis 312 

and Tattelman 1989) as described in the introduction. Therefore, we investigated the 313 

relationship between R and Λ (Fig. 7). The DSDs displayed a typical shape such that for 314 

larger value of R, Λ values were concentrated ranging from 1.4 to 2.0 mm−1; this trend was 315 

especially noticeable for stronger R (e.g., >10 mm hr−1). In addition, the QEDSD cases (red 316 

crosses) were mainly distributed in the area with Λ < 2 mm−1, which is consistent with the 317 

previous studies (e.g., Fredrich et al. 2013; Unuma 2024). 318 

The KDP–R relation used to estimate R in DSDs was also examined in the long-term 319 

disdrometer data because an optimal KDP–R relation, which is less dependent on DSD 320 

(Sachidananda and Zrnić 1987) than the other relations, is expected to be obtained. The 321 

KDP–R relation calculated was as follows: 322 

𝑅(𝐾DP) = 𝑎 𝐾DP
𝑏 ,     (11) 323 

where coefficient a and exponent b are constant. The coefficients (Table 1) were estimated 324 

from ground-based DSD data at Kumagaya during each month, where KDP was obtained 325 

from the Parsivel disdrometer data by the T-matrix method (Mishchenko et al. 1996) using 326 

a drop-shape relationship proposed by Beard and Chuang (1987), assuming the 327 

temperature of 10 degrees C, and the transmitting frequency of 5.4 GHz in the temporal 328 

interval of 1 min, and then R was obtained by Eq. (2). In general, the values of a and b at 329 

Table 1 

Fig. 7 
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Kumagaya are smaller than those shown previously (Yamauchi et al. 2012; Adachi et al. 330 

2015). The value of a tends to be larger in the warm (e.g., from May to October) season and 331 

smaller in the cold (e.g., from January to April and from November to December) season 332 

(Table 1), whereas b shows a large monthly variation but no apparent trend. 333 

 334 

4. Discussion 335 

4.1 Quasi-Equilibrium DSD obtained in this study 336 

QEDSDs which resemble numerically obtained stationary distribution are likely to occur 337 

in Japan. Previous studies have mainly discussed the equilibrium shape of DSD based on 338 

observations in tropical and mid-latitude regions (e.g., Zawadzki and De Agostinho Antonio 339 

1988; McFarquhar et al. 1996; D'Adderio et al. 2018). Recently, it has been pointed out that 340 

the equilibrium shape of DSD can also be observed in subtropical regions for the R >15 mm 341 

hr−1 condition (Murata et al. 2020). In addition, equilibrium shape of DSD was observed in a 342 

very humid environment when heavy rainfall was brought in Japan (Misumi et al. 2021; 343 

Unuma et al. 2023; Unuma 2024). These observations and the characteristics obtained in 344 

this study suggest that equilibrium shape of DSD can also be observed in a warm and humid 345 

climate region such as Japan. Although the environmental variability (i.e., thermodynamic 346 

properties and/or vertical wind shear) may affect the DSD shape (e.g., Hu and Srivastava 347 

1995; Kollias et al. 2001; McFarquhar and List 1991; Dawson II et al. 2015), such effects 348 

need to be investigated and are left for a future work. 349 
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  The QEDSD characteristics of maritime and continental convection were distinct from 350 

those of stratiform rainfall, as has been shown previously (Bringi et al. 2003; Dolan et al. 351 

2018), and QEDSD characteristics were likely to be differed somewhat between continental 352 

and maritime convection at least based on the results of the ground-based DSD 353 

observations. The frequencies of Dm and/or Nw to the increase in LWC (proportional to R) 354 

was higher than those of both Dm and Nw increased for the QEDSD cases (Fig. 6). It has 355 

been pointed out that the increasing Nw is the main contributor to increasing R mainly due 356 

to small variations of Dm in an equilibrium DSD in the tropics (e.g., Zawadzki and de 357 

Agostinho Antonio 1988), which is partly consistent with the results obtained in this study. 358 

The cases in which Nw increased and Dm decreased (8 DSDs) accounted for most frequent 359 

cases, followed by cases in which both Nw and Dm increased (4 DSDs), and cases in which 360 

Dm increased but Nw decreased (3 DSDs) among the QEDSDs as shown in Fig. 6. 361 

In Japan, heavy rainfall events from organized precipitating systems often cause 362 

extensive damage (e.g., Tsuguti and Kato 2014; Unuma and Takemi 2016). As revealed in 363 

this study, in a series of such precipitating systems associated with heavy rainfall, the rainfall 364 

intensification, which depends on the increase of Dm and/or Nw, may contribute to warm-365 

season heavy rainfall in Japan. 366 

As shown in Fig. 3, QEDSD cases were not associated with the specific parameter space, 367 

i.e., stronger R with Dm ranging from 1.5 to 3.0 mm and Nw >3103 mm−1 m−3. Thus, the 368 

characteristics with the conditions of R >= 40 mm hr−1 and Λ < 2 mm−1 based on both Figs. 369 
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4 and 7 were examined. Figure 8 shows normalized DSDs as well as Fig. 4. A shape of the 370 

distributions is quite similar to the all data (Fig. 4a), but significantly different in the number 371 

concentrations between 1.5 mm and 3.0 mm in diameter, and the percentile ranges are 372 

narrower in Fig. 8 than in Fig. 4a. In addition, the distributions are like an exponential 373 

distribution except lower concentrations in smaller (<0.5 mm) diameter, which means that 374 

nearly the same distribution could be assumed in terms of exponential distribution. The KDP–375 

R relation for stronger R will be discussed in the following subsection. 376 

4.2 Toward improvement of QPE in Japan 377 

Previous studies have shown that the coefficient a and exponent b of the KDP–R relation 378 

vary regionally (Table 2). The coefficients obtained from C-band polarimetric radar and/or 379 

ground-based observations at different locations showed that the value of coefficient a (25.1) 380 

at Kumagaya was close to values in the UK (24.7) and Okinawa, Japan (28.8), whereas the 381 

value of exponent b at Kumagaya was close to values in Tropics (0.78) and Taiwan (0.80). 382 

In contrast, the value of the coefficient a at Tokyo (30.9) was larger than its value at 383 

Kumagaya (25.1), probably due to the vertical variabilities of radar reflectivity (Zawadzki 384 

1984; Austin 1987; Kitchen and Jackson 1993; Anagnostou and Krajewski 1999; Villarini and 385 

Krajewski 2010). For example, the Japan Meteorological Agency uses ground-based 386 

observations (i.e., rain gauge data) to adjust R values obtained from weather radar 387 

observations at an altitude of roughly 2 km (Nagata 2011), even if R changes in the vertical 388 

direction. However, vertical differences in R need to be considered when weather radar is 389 

Table 2 

Fig. 8 
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being used to capture conditions before heavy rainfall is observed at ground level, and they 390 

are also important for capturing precursors to heavy rainfall. An investigation of this point 391 

was outside the scope of this study but remains for future work. 392 

The results of this study suggested that the KDP–R relation used in Yamauchi et al. (2012) 393 

and Adachi et al. (2015) for C-band polarimetric weather radar observations could be 394 

improved for strong rainfall events by considering the condition with Λ < 2 mm−1 because 395 

their studies were based on one event and did not examine the KDP–R relation directory 396 

using in situ observational data. Yamauchi et al. (2012) showed that the estimated R using 397 

the KDP–R relation proposed by Bringi and Chandrasekar (2001) was in good agreement 398 

with the R obtained from an optical disdrometer for only one heavy rainfall event occurred 399 

in August. The KDP–R relation used in their study is based on weather radar related 400 

coefficients (i.e., not near the ground but above a few km), which may cause a little higher 401 

value of coefficient a as shown in Table 2. Adachi et al. (2015) also used the same KDP–R 402 

relation and compared R for only one event that occurred in December. As described in the 403 

previous subsection, the KDP–R relation for stronger R was examined. The obtained 404 

coefficients were quite similar to the annual mean value, but the value of a is a little larger 405 

in the cases of stronger R cases than in the annual mean. These coefficients were probably 406 

optimized for heavy rainfall events because nearly the same size distribution in terms of the 407 

slope parameter was obtained (Fig. 8 and Table 1). Consequently, the slope parameters 408 

obtained in this study could be used to optimize the KDP–R relation, which has been 409 
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specifically improved for Japan, to make a QPE method suitable for heavy rainfall in 410 

operational use. 411 

 412 

5. Summary and Conclusions 413 

The characteristics of DSDs were statistically clarified by using about 10 years of DSD 414 

data obtained in Kumagaya, eastern Japan. The results showed that DSDs tended to be 415 

distributed in a specific area, i.e., Dm ~2.0–3.0 mm and Nw ~2103–3104 mm−1 m−3, in the 416 

DSD parameter (Dm–Nw) space when R is stronger (>=40 mm hr−1). For the quasi-417 

equilibrium DSDs, the contribution of temporal changes in both Nw and Dm to increments of 418 

R was found to be large whereas the contribution to R was large when Dm or Nw was 419 

effectively increased with temporal change based on an error analysis. 420 

  In terms of QPE, the coefficient and exponent of the KDP–R relation, which had previously 421 

been calculated on a case-by-case basis, were statistically evaluated to identify 422 

characteristics that depended on seasonality and DSD variation. The results showed that 423 

the coefficient in the KDP–R relation tended to be larger in the warm season (from May to 424 

October) and smaller in the cold season (from January to April and from November to 425 

December) when assuming the fixed temperature of 10 degrees Celsius, whereas the 426 

exponent of the relation had no apparent trend. It is likely, however, that the KDP–R relation 427 

could be optimized for heavy rainfall events in Japan by using the slope parameter. 428 

  The present results should be statistically evaluated by using two-dimensional 429 
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(geospatial) distributions or three-dimensional (geospatial and vertical) information of the 430 

three-dimensional structures of precipitating systems, obtained from polarimetric weather 431 

radar observations. The present results, which provided a basis for such a statistical 432 

evaluation for the first time, are expected to be very useful in this regard. An evaluation using 433 

polarimetric weather radar observations, i.e., vertical variations of DSDs in terms of process-434 

oriented perspective, was outside the scope of this study and remains for future work. To 435 

improve understanding of the characteristics of DSDs and cloud microphysical processes 436 

based on observational facts, analyses such as the present study should be conducted in 437 

multiple regions in different climatic zones. 438 

  439 
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Appendix 457 

To compare the slope of size distribution, the stationary distributions and the exponential 458 

distributions are shown in Fig. A1. For the stationary distribution obtained in McFarquhar 459 

(2004a) and Straub et al. (2010), the tail slopes of these distributions are approaching Λ = 460 

2.0 mm−1. In contrast, the slopes in the smaller (<1.6 mm) diameter range are larger than Λ 461 

= 2.0 mm−1. 462 

  463 
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Fig. 1  Location of the in situ precipitation measurement site in Kumagaya, Japan (cross), 702 

where both a first-generation OTT-Parsivel disdrometer (upper left) and a tipping-bucket-703 

type rain gauge are installed at the Kumagaya Local Meteorological Office, Japan 704 

Meteorological Agency. 705 

Fig. 2  Scatter plot of the first-generation OTT-Parsivel data versus tipping-bucket-type rain 706 

gauge data in relation to the 1-min rainfall intensity (mm hr−1) (color scale). The equation 707 

of the line fitted to the data (blue line) and the correlation coefficient between the two 708 

datasets are displayed in the upper left. 709 

Fig. 3  Scatter plot of the mass-weighted mean diameter (Dm; mm) versus the generalized 710 

intercept parameter (Nw; mm−1 m−3) in 1-min drop size distribution observations in relation 711 

to rainfall intensity (R; mm hr−1) (color scale). Regions in the two-dimensional space of 712 

continental convection (solid line rectangle), maritime convection (dashed line rectangle), 713 

and stratiform conditions (dotted line), as classified by Bringi et al. (2003), are also shown. 714 

The markers of star, square, cross, and triangle represents the data of the first, second, 715 

third, and fourth quadrants categorized in Fig. 6, respectively. 716 

Fig. 4  Drop size distributions (N(D); mm−1 m−3) normalized by the total number 717 

concentrations during each 1-min period (Nt; m−3): (a) all 1-min data, and (b) 1-min data 718 

with highest slope (HS; mm−2 m−3) > 0 and coefficient of determination regression score 719 
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of the two stationary distributions (McFarquhar 2004a or Straub et al. 2010) equal to or 720 

larger than 0.9. The reference distributions obtained by McFarquhar (2004a), and Straub 721 

et al. (2010) are also shown. The black solid lines show median values, the gray dashed 722 

lines show the 25th and 75th percentile values, and the gray dotted lines show the 10th and 723 

90th percentile values. 724 

Fig. 5  Frequency distribution of equivalent volume diameter (De; mm) at inflection point 725 

occurred corresponding to the detected quasi-equilibrium drop size distributions. The De 726 

categories are 1.05, 1.17, 1.35, and 1.59. 727 

Fig. 6  Scatter plot between the two terms on the right-hand side of Eq. (10) in relation to 728 

differences of rainfall intensity (R) between the time when a quasi-equilibrium drop size 729 

distributions was detected, and 1 min earlier (color scale). The data of the first, second, 730 

third, and fourth quadrants were categorized with the markers of star, square, cross, and 731 

triangle, respectively, as well as Fig. 3. 732 

Fig. 7  Scatter plot of slope parameter (Λ; mm−1) versus rainfall intensity (R; mm hr−1) in 733 

relation to the two-dimensional frequency of occurrence (color scale). The crosses 734 

indicate the detected quasi-equilibrium drop size distribution cases. 735 

Fig. 8  The same as Fig. 4, but for rainfall intensity R >= 40 mm hr−1 and the slope 736 

parameter Λ < 2 mm−1. 737 

Fig. A1  The stationary distributions for McFarquhar (2004a) (blue) and Straub et al. (2010) 738 

(orange). To compare the slope parameter of the exponential distribution with the 739 
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Fig. 1. Location of the in situ precipitation measurement site in Kumagaya, 
Japan (cross), where both a first-generation OTT-Parsivel disdrometer (upper 
left) and a tipping-bucket-type rain gauge are installed at the Kumagaya Local 
Meteorological Office, Japan Meteorological Agency. 
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Fig. 2. Scatter plot of the first-generation OTT-Parsivel data versus tipping-
bucket-type rain gauge data in relation to the 1-minute rainfall intensity (mm 
hr−1) (color scale). The equation of the line fitted to the data (blue line) and the 
correlation coefficient between the two datasets are displayed in the upper left. 
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Fig. 3. Scatter plot of the mass-weighted mean diameter (Dm; mm) versus the 
generalized intercept parameter (Nw; mm−1 m−3) in 1-min drop size distribution 
observations in relation to rainfall intensity (R; mm hr−1) (color scale). Regions 
in the two-dimensional space of continental convection (solid line rectangle), 
maritime convection (dashed line rectangle), and stratiform conditions (dotted 
line), as classified by Bringi et al. (2003), are also shown. The markers of star, 
square, cross, and triangle represents the data of the first, second, third, and 
fourth quadrants categorized in Fig. 6, respectively. 
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Fig. 4. Drop size distributions (N(D); mm−1 m−3) normalized by the total number 
concentrations during each 1-min period (Nt; m−3): (a) all 1-min data, and (b) 1-
min data with highest slope (HS; mm−2 m−3) > 0 and coefficient of determination 
regression score of the two stationary distributions (McFarquhar 2004a or 
Straub et al. 2010) equal to or larger than 0.9. The reference distributions 
obtained by McFarquhar (2004a), and Straub et al. (2010) are also shown. The 
black solid lines show median values, the gray dashed lines show the 25th and 
75th percentile values, and the gray dotted lines show the 10th and 90th 
percentile values. 
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Fig. 5. Frequency distribution of equivalent volume diameter (De; mm) at 
inflection point occurred corresponding to the quasi-equilibrium drop size 
distributions. The De categories are 1.05, 1.17, 1.35, and 1.59. 
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Fig. 6. Scatter plot between the two terms on the right-hand side of Eq. (10) in 
relation to differences of rainfall intensity (R) between the time when a quasi-
equilibrium drop size distributions was detected, and 1 min earlier (color scale). 
The data of the first, second, third, and fourth quadrants were categorized with 
the markers of star, square, cross, and triangle, respectively, as well as Fig. 3. 
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Fig. 7. Scatter plot of slope parameter (Λ; mm−1) versus rainfall intensity (R; 
mm hr−1) in relation to the two-dimensional frequency of occurrence (color 
scale). The crosses indicate the quasi-equilibrium drop size distribution cases. 
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Fig. 8. The same as Fig. 4, but for rainfall intensity R >= 40 mm hr−1 and the 
slope parameter Λ < 2 mm−1. 
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Fig. A1. The stationary distributions for McFarquhar (2004a) (blue) and Straub 
et al. (2010) (orange). To compare the slope parameter of the exponential 

distribution with the stationary distributions, N(D) = 4×104 exp(-ΛD) with Λ = 

2.0 mm−1 (black dash) and 1.0 mm−1 (black dot) are displayed as a reference. 
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Table 1: Coefficient a and exponent b of the KDP–R relation (Eq. (11)) obtained 

from this study. 

 

  

Month a b 

January 14.9 0.69 

February 19.7 0.78 
March 20.0 0.75 

April 20.4 0.72 

May 22.6 0.73 

June 24.5 0.77 
July 26.0 0.80 

August 26.9 0.78 

September 25.9 0.76 

October 29.1 0.85 
November 20.7 0.76 

December 19.3 0.75 

Annual mean 25.1 0.79 

The cases for R >= 40 
mm hr−1 and Λ < 2 mm−1 

27.7 0.74 
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Table 2: Values of coefficient a and exponent b obtained in various locations: Italy 

(Scarchilli et al. 1993; Vulpiani et al. 2012), Australia (May et al. 1999; Keenan et 

al. 2001), Japan (Yamauchi et al. 2012; This study), UK (Bringi et al. 2011), 

France (Figueras et al. 2012), Taiwan (Wang et al. 2013), and the tropics 

(Thompson et al. 2018). Also shown is the transmitting frequency of the radar f 

(GHz) used in each location. Note that, Yamauchi et al. (2012)’s coefficients are 

based on Bringi and Chandrasekar (2001). 

 

a b f Reference Place 

19.4 1.00 5.40 Scarchilli et al. (1993) Italy 

34.6 0.83 5.63 May et al. (1999) Darwin, Australia 

31.4 0.84 5.63 Keenan et al. (2001) Darwin, Australia 
28.8 0.85 5.34 Bringi et al. (2006) Okinawa, Japan 

24.7 0.81 5.60 Bringi et al. (2011) UK 

30.8 0.85 5.40 Vulpiani et al. (2012) Italy 

29.7 0.85 5.63 Figueras et al. (2012) France 
30.9 0.85 5.37 Yamauchi et al. (2012) Tokyo, Japan 

35.4 0.80 5.60 Wang et al. (2013) Taiwan 

30.6 0.78 5.45 Thompson et al. (2018) Tropics 

25.1 0.79 5.40 This study Kumagaya, Japan 
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