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Abstract

Linear eigenvalue analysis of the primitive equations is performed to study
atmospheric free oscillations under the influence of a zonal mean field. The
model for the primitive equations is based on a three-dimensional spectral
formulation, and the zonal mean field is produced by averaging reanalysis
data over 10 years. The frequencies and latitudinal/vertical structures of
the eigenmodes obtained by the analysis are compared with the results
of the classical tidal theory and with those of the free oscillation modes
detected from reanalysis data by a recent study. The frequencies and vertical
structures of the eigenmodes obtained in the present study are consistent
with those of the eigenmodes detected in the recent study, while the obtained
latitudinal structures do not differ significantly from those of the classical
tidal theory. It is shown that the deviation from the frequency obtained from
the classical tidal theory is mainly due to the effect of the zonal mean flow,
but partly also to the latitudinal variation of the temperature field. The
present study also shows that the vertical phase structure of the obtained
eigenmodes, which is inconsistent with the classical tidal theory, can be

understood qualitatively by using the wave dispersion relation.
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1. Introduction

The study of the free oscillations of the Earth’s atmosphere has long
been developed in a common framework with the study of atmospheric
tides. The free oscillations are solutions of normal modes without forcing
satisfying the rigid boundary condition at the bottom and the energy decay
boundary condition at the top. When the primitive equations are linearized
from a stationary atmosphere as the reference field, the system is separated
into the horizontal structure equation, or Laplace’s tidal equation (LTE),
and the vertical structure equation (VSE) if the temperature is a function
of altitude only. The vertical structure of the normal mode solution has the
same structure as that of the Lamb wave (Lamb, 1911) if the atmosphere is
isothermal, and the corresponding equivalent depth h is given as h = vH,
where v is the heat capacity ratio and H is the scale height of the isother-
mal atmosphere, and the latitudinal structure is determined by solving the
LTE for the equivalent depth. For these details, including the historical
background, see Chapman and Lindzen (1970).

The Earth’s atmosphere is, of course, neither isothermal nor stationary,
but Taylor (1929) estimated the equivalent depth to be about 10.4 km
based on the propagation speed of pressure disturbances observed during
the 1883 eruption of Krakatoa. Since then, the equivalent depth of the free

oscillations of the Earth’s atmosphere has been considered to be about 10
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km, and this has also been considered to be the only equivalent depth for the
realistic vertical temperature profile of the Earth’s atmosphere. (However,
there have recently been new studies on this subject, which will be discussed
later in this section).

Once the equivalent depth is determined, the eigenfrequencies and lati-
tudinal structures of the normal modes can be determined by (numerically)
solving the LTE according to the method of Longuet-Higgins (1968). Many
studies have been carried out to detect the free oscillation modes of the at-
mosphere determined in this way from observational data. For example, the
global Rossby modes were detected from satellite observations of the upper
stratosphere by Hirota and Hirooka (1984). However, these studies were
limited to relatively long period modes, and the detection of short period
free oscillation modes had to wait for Sakazaki and Hamilton (2020) (for a
detailed review of the history of attempts to detect free oscillation modes,
see the description therein).

In Sakazaki and Hamilton (2020), it was shown that free oscillation
modes with periods not only of several days but also of as short as about
2 hours could be comprehensively detected by spectral analysis of 38 years
of hourly global reanalysis data, although not the observational data, and
there the frequency, vertical structure, and latitudinal structure of the de-

tected modes were compared with those of the LTE solutions for a stationary
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atmosphere. As a result, it was shown that the frequency of the detected
modes was most consistent with that of the LTE solution when the equiv-
alent depth was set to 10 km, but there were some differences from the
classical tidal theory in the frequency and latitudinal /vertical structure, re-
flecting the fact that the real atmosphere has a non-zero zonal wind field and
a latitudinally dependent temperature field, and that the bottom boundary
is not horizontally uniform.

How the normal modes of free oscillations vary with the background field
was studied by Geisler and Dickinson (1976), Schoeberl and Clark (1980),
and Salby (1981a, b). In particular, in Salby (1981a, b), realistic lati-
tudinal /vertical structures of zonally uniform zonal wind and temperature
fields were given and a periodic external forcing was applied to the linearized
primitive equations with respect to the given basic field to extract modes
showing amplitude increase near resonance. He showed that the frequencies
of the Rossby and Rossby-gravity modes were consistent with those of the
modes detected in the observational studies. However, since the method
used there was to study the response to periodic forcings to the linearized
equations, the individual eigenmodes were not considered to be completely
separated, and the modes considered there were also limited to those with
relatively long periods. On the other hand, Kasahara (1980) performed a

linear eigenvalue analysis using a linearized shallow water equation by set-



89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

ting the zonal flow profile at the 500 hPa surface and the balanced height
field to it as the basic field. There, the eigenmodes were obtained com-
prehensively, including not only Rossby and Rossby-gravity modes but also
Kelvin and gravity modes. The eigenfrequencies and latitudinal structures
of the modes were studied in relation to the LTE solution, to clarify how
they vary with the zonal flow profile (and the height field balanced by the
zonal flow). However, this calculation was performed only for a barotropic
atmosphere, and it was not possible to investigate how the baroclinicity of
the zonal flow affects the normal modes.

Based on the above research background, in the present study, we extend
the research of Kasahara (1980) to a baroclinic atmosphere by performing a
direct eigenvalue analysis of the three-dimensional primitive equations lin-
earized with respect to a basic field in which the latitudinal /vertical struc-
tures of a realistic zonally uniform zonal wind field and temperature field
are specified. We investigate how the frequencies and latitudinal /vertical
structures of the normal mode solutions are affected by the background
field. By performing a direct eigenvalue analysis, all types of Lamb modes
are treated comprehensively and compared with the modes detected by
Sakazaki and Hamilton (2020) in order to clarify to what extent the effect
of the background field can explain the difference in characteristics between

the modes detected by Sakazaki and Hamilton (2020) and the normal mode
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solutions for a stationary atmosphere. In the present study, modes with
vertical structures corresponding to Lamb waves are referred to as Lamb
modes, including when they are deformed by the background field.

Before closing this section, the possible existence of free oscillation modes
with equivalent depths smaller than about 10 km should also be mentioned.
As mentioned above, the equivalent depth has only one value in the case
of an isothermal atmosphere, but the temperature of the real atmosphere
varies significantly in the vertical direction. Depending on the vertical pro-
file of the temperature, there may be several equivalent depths for which
there exist solutions satisfying the lower and upper boundary conditions
for the VSE. In fact, Pekeris (1937) showed that, by assuming unrealisti-
cally high temperatures for the stratopause, an equivalent depth mode of
about 8 km could exist, in addition to about 10 km. However, in Salby
(1979), using a more realistic temperature profile, U.S. Standard Atmo-
sphere, 1976, the equivalent depths obtained (although the mode was not
completely evanescent at the top, since the very high temperature thermo-
sphere was also taken into account there) were shown to be 9.6 km and 5.8
km. The latter corresponds to the mode predicted by Pekeris (1937), the re-
ality of which was first demonstrated in Watanabe et al. (2022), which first
detected the predicted mode from an analysis of satellite brightness tem-

perature data during the 2022 eruption of the Hunga Tonga-Hunga Ha’apai
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volcano. There, not only the Lamb wave propagating at a phase velocity
corresponding to about 10.1 km equivalent depth was detected, but also
a wave packet propagating at a phase velocity corresponding to about 6.1
km equivalent depth, and the latter was named the Pekeris wave in Watan-
abe et al. (2022). This equivalent depth of 6.1 km differs from the 5.8 km
obtained by Salby (1979), but Ishioka (2023) pointed out a problem with
the accuracy of the calculation in Salby (1979) and showed that the cor-
responding equivalent depth was 6.6 km when calculated correctly using
the temperature profile of U.S. Standard Atmosphere, 1976. Furthermore,
Ishizaki et al. (2023) showed that the equivalent depth of the Pekeris wave
was about 6.5 km, even using the vertical profile of the average temperature
in the tropics at the time of the 2022 eruption of the Hunga Tonga-Hunga
Ha’apai volcano, which corresponds better to the position of the spectral
peak of the Kelvin wave in the spectral analysis of the reanalysis data in
Watanabe et al. (2022). The term atmospheric free oscillation usually refers
to Lamb modes, but considering the recent studies mentioned above, those
with vertical structures corresponding to the Pekeris wave should also be
considered and are referred to as Pekeris modes. However, in the present
study, we do not consider Pekeris modes not only because we intend to focus
mainly on the comparison with the Sakazaki and Hamilton (2020) results,

but also because in order to properly extract Pekeris modes as eigenmodes,
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more vertical expansion degrees of freedom are required, as described in the
next section, which makes the numerical calculations more difficult.

The remainder of the present study is organized as follows. In Section
2, we describe the method of the eigenvalue analysis of free oscillation in-
cluding the effect of a zonal mean field which is determined by averaging
reanalysis data. The results of the eigenvalue analysis are presented in Sec-
tion 3. Discussion is presented in Section 4, along with additional analyses
to interpret the results of the eigenvalue analysis. Summary is given in

Section 5.

2. Methods and data

In the present study, we perform a linear eigenvalue-eigenvector analy-
sis for the case of a perturbation applied to a zonally uniform field, using
a system of primitive equations in o-coordinates on a rotating sphere as
the governing equations. We follow the formulation of Ishioka et al. (2022)
and use the completely non-dimensionalized primitive equations, where the
length scale, the temperature scale, and the time scale are nondimensional-
ized by using the radius of the sphere (a,), the reference temperature (7p,),
and a,/+/R.Ty,, respectively. Here, R, is the gas constant for the dry atmo-
sphere. The full nonlinear primitive equations are omitted here (see Ishioka

et al., 2022) because it would be redundant, but the linearized equations,
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Here,  is angular velocity of the sphere, k = R,/C, , where C,_is spe-
cific heat at constant pressure, ¢ is time, A is longitude, p = sin ¢, where
¢ is latitude, ¢ = p./po,, where p, is pressure and p,, is surface pres-
sure of the basic state. Note that since the effect of the u dependence of
Do, is considered to be small, as shown by Ishizaki et al. (2023) in calcu-
lating the equivalent depths of the Lamb and Pekeris modes, we assume
here for simplicity that pg, is uniform in the g direction. The tempera-
ture field and the eastward wind field of the basic state are represented by
T(u,0) and U(u, o), respectively. The variable § is defined as ps, /po., where
Do (N 1, ) is the surface pressure perturbation, ®(\, u1, 0,t) is the geopo-
tential perturbation, 7(\, p, o, t) is the temperature perturbation, and the
variables 5()\, i, o,t) and ¢ (A, p, 0, t) are the perturbations of the horizontal
divergence and the vertical component of the vorticity, respectively. The
rightmost terms (D¢, D, D7) in (1)-(3) are dissipation terms which will be
defined later. The variable y is the velocity potential perturbation, and 1Z
is the stream function perturbation. Note that the above parameters and
variables without the subscript “x” are inherently dimensionless, or have
been nondimensionalized as described above.

As a preparation for deriving the eigenvalue calculation form of a ma-

trix, we assume the following wave-like solution for the longitude-time de-

10



1wa pendence of the field of each perturbation,

¢\, 0,1) = Re((p, 0) ™), (15)
O(\, 11, 0,t) = Re(id(p, 0 )e!m=1), (16)
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S(A 1, 1) = Re(3(p)el =0, (18)
Y\, 0,t) = Re(h(, o)™ =0), (19)
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C(\, i, 0,t) = Re(iC(p, o)l (27)
Dz(A p,0,t) = Re(De(p, 0)elmA=wt)), (28)
D;(\, p, 0,t) = Re(iDj (1, 0)em=1), (29)
D;(\, pt,0,t) = Re(Ds(p, 0)elmA=), (30)

s Here, Re(-) means to take real parts and i = /—1. Note that the reason

s why the imaginary unit is attached differently depending on the type of

11
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s is a real matrix (when dissipative effects are not considered). Substituting
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. a L
C:\/i (1_M2‘B)+1D67
wd = — \/1— 24) — V3(® + Uda) +iD;,
\/7
1—28—T+<§8—T
1/7 Hon %

( \/1— U)@+U5+T 1—M2§—Z,
- (oo 200 1L
g

U

A A~

0 0
b= [(COma 1)+ 500" 0)d’ o [ (C+ Gy
1

o

— /U 7A—<)\’/’L7/0J7t)d0_/
1 g
L o)

K>
I

12

(31)

(32)



200

201

202

203

204

205

206

207

208

A

0 =V%, (43)
2

oMt O O
V2 = 1_M2+8ﬂ[(1 mﬁu] (44)

Next, we expand f , ) , 7, and 5 in the p direction by the associated Legendre

functions and in the o direction by the Legendre polynomials as follows.

((p,0) = g ﬁlj Cn i P (1) P (1 = 207), (45)
o(p, 0) = i i O, P () P (1 — 207), (46)
ﬂm@zaijﬁﬁm&AMBﬂ—%L (a7)

f: i (48)

Here, P, (1) is the associated Legendre function, which is defined as fol-

lows,

n-+m

—m)! d
(L= =1 0 < m <),

Pum(p) = J (2n+ 1) (n

(n+ m)! 27nl

(49)
and the parameters M and L are the horizontal and vertical truncation
wavenumber, respectively. The Legendre polynomial P,(1 — 20) is defined
as the case where n = [ and m = 0 with p = 1 — 20. Note that in (47)
the right-hand side is multiplied by ¢ to eliminate the singularity of the
function under integration on the right-hand side of (39) and that since §

does not depend on o, so there is no expansion in the o direction for (48).

13



210 Formally substituting (45)—(48) into (31)-(34) and multiplying both
2 sides of (45) and (46) by P, (1) P (1—20), both sides of (47) by o0 Py, ., (1) P (1—
22 20) and both sides of (48) by P, (1) and integrating both sides of (45)—(48)
23 in the interval [—1, 1] for x4 and in the interval [0, 1] for o (i.e. applying the
22 Galerkin method), we obtain a matrix eigenvalue problem for each zonal
25 wavenumber m of the following form after several matrix operations (for

26 details see Ishioka et al., 2022).

Av = wv. (50)

27 Here, v is an N-dimensional vector, where N = 3(M —m + 1)(L + 1), con-
28 Sisting of (Cmoy -+ CMLy Omi0s -« s OM.Ly Tn0s - « - s TM.L—15 Sms - - - s Sar), and A
210 is an NV X N matrix. This is a problem of finding the eigenvalues and eigen-
20 vectors of the matrix, where the real part of w is the eigenfrequency of the
21 eigenmode and the imaginary part of w is the growth rate of the eigenmode
22 (if the imaginary part is negative, its absolute value is the decay rate).

223 Note that the integration in [—1, 1] with respect to u and the integration
24 in [0, 1] with respect to o required to derive (50) are done by multiplying the
25 values in the Gaussian node by the Gaussian weight and summing, unless
26 it is easy to do the integration analytically. That is, if F'(u) and G(o) are

227 the integration functions depending on x and o respectively, the numerical
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integration is performed as follows.

K

/_1 F(u)dp ~ ijF(uj), /0 G(o)do ~ % Z WirG(o%). (51)

k=1
Here, (pj,w;) (j =1,2,...,J) and (o, Wy) (k =1,2,..., K) are the (Gaus-

sian nodes, Gaussian weights) for © and o spaces, respectively. For their
definitions when setting the numbers of the Gaussian nodes J and K, please
see Ishioka et al. (2022). In addition, in the derivation of (50), we need to
mention how to treat the basic fields U(u, o) and T'(, o) and their partial
derivatives. As we will see later, U and T are given by the grid values of
reanalysis data, but the positions of the grid points in the p and o direc-
tions are different from those of the Gaussian nodes above. First, for the
i direction, noting that p = sin ¢ and using the given grid point data, we
perform a discrete sine series expansion for U by the colatitude 7/2 — ¢
and a discrete cosine series expansion for 7', and then use the expansion
to obtain their values and their p partial derivatives at the Gaussian node
wi(j = 1,2,...,J) by interpolation. For the o direction, the dimension-
less logarithmic pressure coordinate z = —Ino is introduced and the grid
data are linearly interpolated to the values at z, = —Inog(k =1,2,..., K)
corresponding to the Gaussian nodes in the z coordinate. The o partial
differential values are calculated from the z partial differential values in the
linearly interpolated interval.

The basic framework of the eigenvalue analysis method in the present

15
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study has been described above, but in order to extract the deformed Lamb
modes as eigenmodes given a realistic basic field, several additional proce-
dures are required, as described below. First of all, even in the implemen-
tation of the 3D spectral method for the primitive equations that we are
now using, the domain that extends infinitely in the vertical direction is
calculated in the finite domain [0, 1] of 0. In the present study, as can be
seen from (8), the boundary condition of ¢ = 0 is imposed at the o = 0
surface, so energy cannot escape upwards. Due to the reflection of waves
from such an upper boundary, when eigenvalue analysis is performed with-
out dissipative terms, many spurious modes (which cannot naturally exist)
will appear as eigenmodes satisfying the boundary conditions (e.g. Lindzen
et al., 1968). Therefore, it is necessary to set up a region that acts as a
sponge to suppress the effect of reflection from the upper boundary and to
increase the damping rate of such spurious modes so that the Lamb modes,
which are the natural free oscillation modes, can be separated from them.
With this intention, the dissipation terms (D¢, Dj, D) are introduced as the

following equations in the form of Rayleigh friction or Newtonian cooling:

D; = —a(0)¢, Dy = —a(0)d, D; = —a(0)7. (52)

Here, we consider the following form as the ¢ dependence of «.

(53)
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where ar and o are the parameters that determine the strength of the
dissipation and the ¢ range in which it acts, respectively. The function
form of this « is such that & — agr(c — 0), but if g < 1 then o < ag
as 0 — 1. In other words, the upper atmosphere that satisfies 0 < op
has a sponge-like effect, while the dissipation becomes almost ineffective in
the lower atmosphere where the energy of the Lamb mode is large. In the
present study, we set ogp = 1 x 1072 and ar = ag, X (a./v/R.To,), where
agr, = 1 x 107° s71, not only to suppress the spurious modes sufficiently
but also to keep the eigenfrequencies and the latitudinal /vertical structures
of the eigenmodes to be as unaffected as possible by the dissipation. Figure
1 shows the vertical profile of the relaxation time due to dissipation. The
relaxation time is almost one day above 1 hPa, where the dissipative effect
is strong, but it increases rapidly with decreasing altitude, reaching about
100 days at 10 hPa and increasing further at lower altitudes, where the
dissipative effect becomes negligible. Thus, the vertical structures of the
eigenmodes obtained in the next section are affected by dissipation above
about 10 hPa and should be treated with caution. The effect of this dissipa-
tion parameter on the eigenfrequencies and the structure of the eigenmodes
is discussed at the beginning of the next section.

Even with the sponge layer set up as described above, the damping rates

of spurious eigenmodes with vertical nodes are not sufficiently large, and it

17
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is difficult to objectively distinguish them from Lamb modes deformed in
the basic field only by the amplitude of the damping rate. Therefore, we
consider the orthogonal relationship between the eigenmodes and the ver-
tical phase structure to separate the modes. First, it is known that the
latitudinal structure of the free oscillation modes for a stationary and hor-
izontally isothermal atmosphere has the following orthogonal relationship
for each zonal wavenumber m (Kasahara, 1976).
P oo L et L o e _

/_1{¢k¢l _E(ka Xi T kv %)}du—o (k#1). (54)
Here, the superscript dagger denotes the complex conjugate and the sub-
script denotes the eigenmode number, and ¢ is the Lamb parameter, which
is defined as,

B 4a%0?

9
gih

, (55)

where, €2, is the (dimensional) angular velocity of the sphere, g, is the
(dimensional) gravity acceleration, and h, is the (dimensional) equivalent
depth of the free eigenmode. Also, (5 represents the zonal wavenumber m
component of the (non-dimensionalized) geopotential perturbation in the p
coordinate system, and is obtained from ® in the o coordinate defined by

(39) as follows.

= +T3, (56)
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where T'() is the global mean of T'(u, o).

Using the formula (54) we can define the inner product taking into ac-
count the latitudinal structure of the eigenmodes, but it is inconvenient to
use it if the equivalent depth has not been determined beforehand, since the
Lamb parameter € is not determined until the equivalent depth has been
determined. As an alternative, we use only the kinetic energy part of (54)

and define a function F(o) as,

Flo) = - / (R0 = DI (0) + 9,0 = DT )} (5)

to examine the vertical phase structure of the eigenmodes obtained by solv-
ing (50). This F(o) will be a complex number for which arg(F (o)) can be
calculated to examine the global average phase structure of the eigenmode
with respect to the o = 1 surface. If arg(F (o)) = 6, then this eigenmode
is phase-shifted to the east by # at the specified o surface with respect to
the 0 = 1 surface. Since the Lamb modes for a stationary and horizontally
isothermal atmosphere do not tilt in phase in the vertical direction, the fol-
lowing criteria are imposed in order to extract the Lamb modes deformed

by the fundamental field separately from the spurious eigenmodes.
A1l |arg(F(o))| < m/2 at any levels of o.
A2 Select those with eigenfrequencies greater than 1/2 cpd.

Here, cpd is “cycle per day”, and the criterion A2 is imposed to remove the

19
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slow “continuous” mode caused by advection by zonal wind. The value 1/2
cpd is introduced by considering that the maximum period of the Kelvin
mode is 33 hours. In the present study, when simply referring to the eigen-
frequency, we will refer to the absolute value of the eigenfrequency. When
it is necessary to refer to the sign, it will be indicated by stating whether
the corresponding eigenmode is eastward or westward.

With the A1 and A2 criteria set above, the high frequency Lamb modes
can be extracted. However, for the low frequency Lamb modes, that is, the
Rossby modes and the westward Rossby-gravity modes, the criterion A2
should obviously not be imposed. Furthermore, for the low frequency modes
with large zonal wavenumbers, when given a realistic background field, the
westward tilt of the phase of these modes in the upper layer becomes large,
and the A1 criterion becomes too strict to extract these modes. We therefore
relax the criterion A1 a little and consider allowing a phase tilt in the upper
atmosphere as |arg(F(0))| < /2 (¢ > 0.1). However, when the criterion
is relaxed in such a way, spurious modes whose latitudinal structure is far
from the Rossby mode and the westward Rossby-gravity mode are also
extracted. In order to extract the eigenmodes whose latitudinal structure
is consistent with the Rossby mode and the westward Rossby-gravity mode

in the stationary atmosphere, we introduce the following inner product and
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scalar quantities induced by the inner product.

®H == (éH?)%H?@Z]H)a (58)
O = (dnr, Xar, Uar), (59)

oo

_ (@, On)?
G = \/(GH,GH)(G)M,@M)' (61)

|:¢H¢;\4_E{XHV2XJ][\/[+1DHV2¢;[W} du, (60)

Here, ®y is the reference solution corresponding to the Rossby or westward
Rossby-gravity mode, which is calculated as an eigensolution of the LTE at
the equivalent depth of 10 km. On the other hand, @), is the surface (at
o = 1) structure of the mode obtained from the eigenvalue analysis to be
checked. Note that in (60), the Lamb parameter ¢ is calculated with h, = 10
km. The scalar value G calculated by (61) takes values in the range [0, 1]. As
the value approaches 1, the eigensolution under test ®,; gets closer to the
reference solution ®y. From the above, we introduce the following criteria

for extracting the Rossby or westward Rossby-gravity modes.
B1 |arg(F(0))| <7/2 (o > 0.1).
B2 G > 0.7.

B3 From the modes that satisfy the above two conditions, the one with the

lowest damping rate is selected.
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Here, the reference solutions used in criterion B2 are only those for the
westward Rossby-gravity mode and the 1st Rossby mode with north-south
symmetry of the geopotential perturbation field. This is because the ex-
traction of free oscillation modes in the present study is mainly considered
for comparison with Sakazaki and Hamilton (2020). In criterion B2, the
number 0.7 is somewhat arbitrary, but if this value is too small, modes with
latitudinal structures that differ significantly from the latitudinal structure
of the mode to be extracted will be mixed in. If the value is too close to
1, the target mode cannot be extracted because the latitudinal structure of
the mode is distorted by the zonal mean field. Considering these factors, a
figure of 0.7 is adopted, albeit empirically. The criterion of B3 is also im-
posed because there are cases where the mode is not uniquely determined
by the criteria of B1 and B2 alone.

As a background field for the eigenvalue analysis, we use pressure-level
(Hersbach et al., 2023) and model-level (Hersbach et al., 2017) zonal wind
and temperature data in ERA5 (Hersbach et al., 2020), the latest atmo-
spheric reanalysis dataset produced by the European Centre for Medium-
Range Weather Forecasts (ECMWF). The model-level data are used to-
gether because, as described in Ishizaki et al. (2023), the ERA5 pressure-
level data are only available up to the 1 hPa surface, and the model-level

data are used to compensate for the part above that. As described in
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Ishizaki et al. (2023), model-level data are used at 71.1187 hPa and above,
and pressure-level data at 100 hPa and below, which together are used as 81
level data from 1000 hPa to 0.01 hPa. The longitude-latitude grid interval is
1° x 1° for both the model-level data and the pressure-level data. The tem-
porally and zonally averaged background field of the data described above
from 2011 to 2020 is used in this analysis. The reason for using 10-year
averaged data for the background field in the present study is that Sakazaki
and Hamilton (2020) performed a spectral analysis over a whole year and
averaged it over 38 years, so it is appropriate to perform an eigenvalue anal-
ysis of a climatological field averaged over a long period for comparison with
Sakazaki and Hamilton (2020). It should therefore be noted that seasonal
dependence is not considered in the present study. The distribution of this
field is shown in Fig. 2. In Fig. 2, a strong eastward jet is observed in the
tropical mesosphere. This is caused by the model specification as described
in Shepherd et al. (2018), but for the Lamb mode, which is the focus of the
present study, its energy is trapped near the ground surface and the influ-
ence of this unrealistic jet is considered to be negligible, so this background
field is used as it is.

The parameters used in the numerical calculations are described below.
0, = 729212 x 107° s7!, R, = 287 m?s™2 K™, a, = 6.371229 x 10° m,

k=2/7, g = 9.80 ms™2, and py, = 1000 hPa. The horizontal truncation
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wavenumber M is 21, the number of latitudinal grid points J = 32. The
vertical truncation wavenumber L is set to 85 and the number of vertical
grid points K = 128. Then, the top of the vertical grid of the spectral

method used for eigenvalue calculations is at 0.0875560 hPa.

3. Results

An eigenvalue analysis is first performed for the linear model used in the
present study with a stationary isothermal background field to check the ac-
curacy of the eigenvalue analysis and the effect of the introduced dissipation
terms. The isothermal atmospheric temperature 7, treated here is deter-
mined such that the equivalent depth of the Lamb mode, h,, determined by

the following equation, is 10 km.

YR, T,
G '

h. =

Here, v = 1/(1 — k) = 7/5. Hence, we set T, = 243.90 K. Table 1 shows the
dependence of the eigenfrequencies of four representative modes of zonal
wavenumber 1 on the two dissipation parameters (g, g, ). Note that since
the phase tilt in the vertical direction is small in the case of a station-
ary isothermal atmosphere, regardless of the parameters in the dissipation
terms, all modes, including the Rossby and westward Rossby-gravity modes

can be extracted using only the Al criterion described in the previous sec-
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tion. In Table 1, as or or ag, becomes small, the deviation of the eigenfre-
quency of each eigenmode from the LTE solution decreases and is within 1%
relative error when op = 1 x 1072 and ag, = 1 x 1075 s7! (the default set-
ting). Therefore, in the default case of dissipation introduced in the present
study (D), we have confirmed that the difference from the eigenfrequencies
without considering dissipation is small, and we will use this dissipation pa-
rameter in the calculations including latitudinal /vertical structures of the
zonal wind and temperature field based on the reanalysis data. However,
there are cases where the relative error of 1% can be important, which will
be discussed in subsection 4.3.

The dependence of the vertical structures of the latitudinally averaged
(le] < 20°) geopotential fields for the corresponding four modes on the
dissipation parameters is shown in Fig. 3. Note that for comparison with
Sakazaki and Hamilton (2020), the amplitude at each level H(o) is calcu-

lated as follows,
Ko
M) = [ 1o o)l (62)
—fi0
where po = sin20°, and the phase at each level arg(Z(o)) is obtained by
taking the argument of the complex number Z (o) as follows,
Mo .
(o) = | dlp,0=1)¢"(n,0)dp. (63)
—HO

Similar to the eigenfrequency, as og or ag, becomes small, the deviation
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of the amplitude and phase profile of each eigenmode from the VSE solu-
tion for the stationary isothermal atmosphere decreases, and the deviation
does not become significant up to the 10 hPa level when oz = 1 x 1072 and
ag, = 1x107° s7! (the default setting). In case (A), where both dissipation
parameters are large, the deviation of the amplitude and phase structure
from the VSE solution is clearly seen from the level of 100 hPa, but still, in
this isothermal stationary atmosphere, the phase tilt is very small compared
to the cases of the eigenvalue analysis with the latitudinal/vertical struc-
ture of the zonal wind and temperature fields obtained from the reanalysis
data, which will be shown later. Nevertheless, referring again to Table 1,
it can be seen that in case (A), the eigenfrequency is significantly smaller
than that of the LTE solution, which can be interpreted as an effect of the
introduction of a sponge layer with a strong dissipative effect in the upper
layer of the atmosphere, which effectively reduces the equivalent depth since
the dissipative effect limits the vertical extent of the Lamb mode.

We now consider zonal mean zonal wind and temperature distributions
based on the reanalysis data for the eigenvalue analysis. Figure 4 shows
the difference between the eigenfrequencies obtained from the eigenvalue
analysis for the zonal mean zonal wind and the zonal mean temperature field
and those obtained from the LTE with the equivalent depth of 10 km. The

reason for showing such deviations is to facilitate comparison with Sakazaki
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and Hamilton (2020). Except for the Kelvin mode, where the deviation
is close to zero, the deviations are positive for the eastward modes and
negative for the westward modes, with one exception (Rossby mode with
wavenumber 1). The zonal wavenumber dependence of the deviations for
each mode obtained from the eigenvalue analysis of the present study is in
good quantitative agreement with the results of the spectral analysis of the
reanalysis data shown in Fig. 12(a, b) of Sakazaki and Hamilton (2020).
As we will see in the next paragraph, this dependence can be understood
to some extent as an effect of the Doppler shift due to the zonal flow.
However, while the eastward modes, with the exception of the Kelvin modes,
show an increase in deviation almost proportional to the zonal wavenumber,
the westward modes show a dependence that is not linear, and for the 1st
symmetric gravity and Rossby-gravity modes the wavenumber dependence
is not even monotonic.

Next, in order to clarify the cause of the zonal wavenumber dependence
of the deviations shown in Fig. 4, we perform eigenvalue analysis by sep-
arately assuming the latitudinal /vertical structure of the zonal mean wind
and zonal mean temperature fields based on the reanalysis data. Figure 5
shows the difference between the eigenfrequencies obtained from the eigen-
value analysis for the zonal mean zonal wind but with the global mean

temperature field and those obtained from the eigenvalue analysis without
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the background wind but with the global mean temperature field. Similar
to Fig. 4, the deviations are close to zero for Kelvin waves and, with one
exception (westward 1st antisymmetric gravity mode with zonal wavenum-
ber 1, the cause of which is discussed in subsection 4.1), positive for east-
ward modes and negative for westward modes, which is considered to be
an effect of the Doppler shift caused by mid-latitude westerly winds. The
non-linear dependence of the deviation on the zonal wavenumber in the
westward mode is also similar, although the value itself is different from
the results in Fig. 4. However, there is a noticeable difference between the
results shown in Fig. 5 and Fig. 4 in that in the former the deviation for
the Rossby mode of wavenumber 1 is almost zero, so the positive deviation
in the latter is not attributed to the zonal wind effect.

The effect of the latitudinal/vertical structure of the zonal mean tem-
perature field is shown in Fig. 6 without the effect of the zonal mean wind.
Compared to Fig. 5, the deviations in Fig. 6 are small overall, indicating
that the influence of the latitudinal variation of the temperature field is
smaller than that of the zonal wind. From Fig. 6, it is clear that the lat-
itudinal variation of the temperature field has the effect of increasing the
eigenfrequencies of the Rossby modes, the cause of which will be discussed
in subsection 4.2. Therefore, the deviation of the Rossby mode with zonal

wavenumber 1 in Fig. 4 is positive because the effect of the latitudinal vari-
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ation of the temperature field exceeds that of the zonal wind. Note that the
deviations shown in Fig. 4 are roughly equal to the sum of those in Fig. 5
and those in Fig. 6 for the Rossby and westward Rossby-gravity modes, but
not for the other modes. The reason for this is discussed in subsection 4.3.

Since eigenvalue analysis provides not only the eigenfrequencies but also
the structures of the eigenmodes, we will now examine the structures of the
eigenmodes obtained. Figure 7 shows the latitudinal structure of the abso-
lute value of the surface pressure field of each mode obtained by the eigen-
value analysis with the zonal mean zonal wind and temperature field based
on the reanalysis data with the corresponding Hough function structures
underlaid. Except for the Rossby and westward Rossby-gravity modes with
large zonal wavenumber, the latitudinal structures obtained by the eigen-
value analysis are almost identical to the Hough function structure. For
the Rossby and westward Rossby-gravity modes with large zonal wavenum-
ber, there appears an equatorial asymmetry and the bimodal peaks become
closer to the equator compared to the corresponding Hough modes. These
features are different from those shown in Fig. 9 of Sakazaki and Hamil-
ton (2020), where the latitudinal structures for not only the Rossby and
westward Rossby-gravity modes but also several gravity modes differ signif-
icantly from the corresponding Hough functions.

Next, we examine the vertical structure of the eigenmodes obtained. Fig-
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ure 8 shows the vertical structures of the latitudinally averaged (|¢| < 20°)
geopotential fields for the eigenmodes obtained from the eigenvalue analysis
with the zonal mean zonal wind and temperature field based on the reanal-
ysis data. Here, the vertical profiles of amplitude and phase of each mode
are calculated by (62) and (63). For the Kelvin modes, the gravity modes,
and the eastward Rossby-gravity modes, the amplitude profiles almost fol-
low the Lamb mode structure from 100 hPa to 5 hPa, and the phase is also
almost constant below the 10 hPa level. However, the amplification factor
of the amplitude with decreasing pressure is smaller than the Lamb mode
structure below the 100 hPa level, which is also the case for the Rossby and
westward Rossby-gravity modes. On the other hand, for the Rossby and the
westward Rossby-gravity modes with zonal wavenumbers 3 and above, the
amplitude does not increase monotonically with decreasing pressure, and
the phase is strongly tilted to the west above the 100 hPa level. Except
above the 5 hPa level, where the dissipative effects are strong, the vertical
structure for each eigenmode shown in Fig. 8 is very similar to that of each

eigenmode shown in Fig. 10 of Sakazaki and Hamilton (2020).
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4. Discussion and additional analysis

4.1 Effect of relative vorticity on the eigenfrequency

The effect of the zonal wind on the eigenfrequency of each eigenmode
depends on the type of eigenmode and its zonal wavenumber, as shown in
Fig. 5. Referring also to Fig. 7, for most of the eigenmodes with large am-
plitudes in the mid-latitudes, the deviations are positive for eastward modes
and negative for westward modes, and the main cause of the deviations in
Fig. 5 seems to be due to the Doppler shift of the mid-latitude westerlies
in the troposphere. The deviations for the Kelvin modes are close to zero,
which is thought to be due to the large amplitude in the tropics; namely
the effects of tropical easterlies cancels out that of extratropical westerlies.
Similarly, for the westward 1st symmetric gravity and westward Rossby-
gravity modes, as the zonal wavenumber increases, the latitudinal structure
of the eigenmode becomes more confined to the low-latitude region, which
is thought to lead to the reduced susceptibility to mid-latitude westerlies
and the non-monotonic wavenumber dependence observed for these modes.
However, the deviation of the westward 1st antisymmetric gravity mode
with zonal wavenumber 1 is positive, and this deviation cannot be explained
by the effect of the Doppler shift due to the zonal wind alone.

Then, in addition to the effect of the Doppler shift, the effect of relative
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vorticity due to zonal winds should be considered. To see the effect of the
relative vorticity associated with the zonal flow, an eigenvalue analysis is
performed for the case where the terms in which the relative vorticity as-
sociated with the zonal flow explicitly appears as —%(MU ) in (35)
and (36) are eliminated, and the results are shown in Fig. 9. Note that this
analysis does not neglect all terms that include the p partial derivative of
the basic zonal wind field, but only the relative vorticity of the basic field
that contributes to the absolute vorticity. In Fig. 9, the deviations for the
eastward modes are positive and those for the westward modes are nega-
tive except when the deviations are very small, and the deviation for the
westward 1st antisymmetric gravity mode with zonal wavenumber 1 is also
negative. The signs of these deviations are now explained by the Doppler
shift of the zonal winds. In other words, comparing Fig. 5 and Fig. 9, it can
be seen that not only the effect of the Doppler shift, but also the effect of
the relative vorticity of the zonal winds changes the eigenfrequencies, which
is particularly evident as the positive deviation of the westward antisym-
metric 1st gravity mode of wavenumber 1 seen in Fig. 5. The change in
the frequency of the gravity modes caused by the effect of relative vorticity
may be due to the fact that the effective Colioris parameter is the planetary
vorticity plus half the relative vorticity in the dispersion relation for inertial

gravity waves, as pointed out by Kunze (1985) and Jones (2005).
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4.2 Mechanism for the change of the eigenfrequency due to
the latitudinal temperature gradient

Let us now consider the reasons why the eigenfrequency deviation is as
shown in Fig. 6, where the zonal wind field is ignored and the latitudinal
structure of the temperature field is taken into account. The influence of the
latitudinal structure of the temperature field of the background field on the
wave motion is considered to be not only through the temperature itself but
also through the distribution of the Brunt-Vaisala frequency and through
the distribution of the potential vorticity. As an effect of the temperature
profile itself, as shown in Fig. 2, the temperature in the lower troposphere is
naturally higher in the equatorial region than in the global mean, and this
leads to the equivalent depth in the equatorial region being locally greater
than that given by the global mean vertical temperature profile (this can
be seen by comparing the global mean with the tropical mean for the Lamb
mode in column H of Table 1 in Ishizaki et al., 2023), which can lead to the
deviation of frequency for the Kelvin mode seen in Fig. 6, since it has a large
amplitude at the low latitude. On the other hand, the effects through the
distribution of the Brunt-Viisala frequency and through the distribution of
the potential vorticity are considered on the basis of Fig. 10, which shows
both fields for the case where the vertical distribution of the global mean

temperature is given and where the latitudinal structure of the tempera-
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ture field is considered. In Fig. 10, the Brunt-Vaisala frequency is larger
at low latitudes for altitudes below 300 hPa when the latitudinal /vertical
structure of the temperature field is considered than when the global mean
altitude distribution is given. This difference in the distribution of the
Brunt-Vaiséla frequencies may explain the large deviations for the frequen-
cies of gravity modes and eastward Rossby-gravity modes with large zonal
wavenumbers shown in Fig. 6. The frequencies of these modes increase as
the zonal wavenumber increases, so it is not surprising that the deviations
when considering the latitudinal dependence of temperature are also larger
for those with larger zonal wavenumbers. However, since the latitudinal
structures of these modes concentrate at lower latitudes with increasing
zonal wavenumber, as shown in Fig. 7, these modes are more affected by
the enhanced Brunt-Viisila frequency in the equatorial region due to the
latitudinal dependence of temperature, and the frequency of these modes
may increase through the increase in restoring force. In addition, the ab-
solute value of the latitudinal derivative of the PV distribution is larger at
altitudes from 300 hPa to 100 hPa in the extratropics for the case with
the latitudinal /vertical structure of the temperature field than for the case
with the global mean temperature distribution. This difference in the PV
gradient is considered to be the reason for the positive deviation for the

Rossby and westward Rossby gravity modes, which is particularly large for
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small zonal wavenumbers in Fig. 6, since the restoring force for these modes

is increased by the enhanced [-effect.

4.3 Considerations on the effect of deviations in the value of

equivalent depth

The above discussion has been made on Fig. 5 and Fig. 6, which show
the results of evaluating the deviation of the natural frequency separately
for the zonal wind field and the effect of the temperature field, respectively,
and it should be noted that Fig. 4, which shows the deviation from the
theoretical solution when both the zonal wind field and the temperature field
are considered, is not necessarily the sum of the results of Fig. 5 and Fig. 6.
This is not so much because the eigenvalues of the matrix do not respond
linearly to the linear combination of the matrix itself, but rather because
in Fig. 4 the reference is the theoretical solution for an equivalent depth of
10 km according to Fig 12(a, b) of Sakazaki and Hamilton (2020), whereas
in Figs. 5 and 6 the reference is the stationary atmosphere given a vertical
profile of the global mean temperature field. Figure 11 is a redraw of Fig. 4
as the deviation from the case where the vertical profile of the global mean
temperature is given, instead of the deviation from the theoretical solution
at the equivalent depth of 10 km. Comparing the deviations between Fig. 11

and Fig. 4, we see that they are roughly consistent for the Rossby and
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westward Rossby-gravity modes, but for the Kelvin, gravity and eastward
Rossby-gravity modes, the former is significantly larger than the latter. To
consider the reasons for this discrepancy, let us examine the effect of setting
the reference equivalent depth in Fig. 4 to 10 km. This 10 km setting follows
Sakazaki and Hamilton (2020), which compared three reference equivalent
depths of 9.5 km, 10.0 km and 10.5 km and concluded that the 10.0 km
setting was most consistent with the results of the spectral analysis. It
was also noted that for the Kelvin mode the deviation was close to zero
when the reference equivalent depth was set to 10.0 km. However, the
vertical profile of the global mean temperature used in the present study
corresponds to that used to calculate the equivalent depth in the case of the
long-term global average in column H of Table 1 of Ishizaki et al. (2023),
and the equivalent depth for the Lamb mode calculated there was 9.91 km.
Furthermore, as shown in column D of Table 1 of the present study, for the
dissipation assumed here, the frequency of the Kelvin mode is about 1%
lower than the theoretical value, even in an isothermal atmosphere, which
can be regarded as the effective equivalent depth being slightly smaller due
to dissipation. Taking these considerations into account, a comparison of
the deviation of each mode in the case of a stationary atmosphere given the
vertical profile of the global mean temperature with setting the reference

equivalent depth for the LTE to 10 km and 9.8 km is shown in Fig. 12.
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Figure 12 shows that the deviations for the Rossby modes and the westward
Rossby-gravity modes are almost negligible whether the reference equivalent
depth is set to 9.8 km or 10 km. However, for the high frequency modes, such
as the Kelvin modes, the gravity modes and the eastward Rossby-gravity
modes, the effect of changing the reference equivalent depth is large. Given
the vertical profiles of the global mean temperature and the dissipation
coefficients assumed in the present study, the effective equivalent depth is
found to be about 9.8 km, because the deviation is close to zero even for
these high frequency modes when the reference equivalent depth is set to
9.8 km. From the above, it is clear that the difference between Fig. 11
and Fig. 4 is caused by the fact that the effective equivalent depth in the
present model is 9.8 km instead of 10 km, given the vertical profile of the
global mean temperature. Since the effective equivalent depth can vary to
some extent depending on the dissipation setting, the very good quantitative
agreement between Fig. 4 in the present study and Fig. 12(a, b) of Sakazaki
and Hamilton (2020) may mean that the dissipation used in the present
study has the same degree of influence on the free oscillation modes as the
dissipation in the model used in ERA5 and/or the dissipation existing in the
real atmosphere. Note again that with respect to the Rossby and westward
Rossby-gravity modes, the influence of the small differences in equivalent

depth is negligible and does not interfere with the discussion already made
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such that the effect of the latitudinal variation of the temperature field is
larger than that of the zonal wind on the eigenfrequency of the Rossby mode

with zonal wavenumber 1.

4.4 Mechanism for the distortion of vertical structures under

the influence of background fields

Let us now consider the determinants of the vertical structure of the
eigenmodes. As shown in Fig. 8 the amplitude profiles of the Kelvin, grav-
ity, and eastward Rossby-gravity modes almost follow the theoretical solu-
tion of the Lamb mode under the assumption of an isothermal atmosphere.
However, the rate of amplitude increase with increasing altitude is slightly
lower in the upper levels above about 5 hPa where the dissipation of the
model used in the present study is stronger, and in the lower levels below
100 hPa. For these high-frequency modes, since they are relatively insen-
sitive to zonal winds, the deviation of the vertical amplitude profile from
the theoretical solution for an isothermal atmosphere can be approximately
explained by the vertical temperature profile. In Ishizaki et al. (2023), the
vertical structure equation in the absence of dissipation is solved by a shoot-
ing method, given the same vertical profile of global mean temperature as
used in the present study, to compute the equivalent depth and vertical

structure for the Lamb and Pekeris modes, respectively. However, the ver-
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tical structure shown there is the logarithmic pressure velocity scaled by
the square root of the pressure, W, so to convert it to the geopotential
perturbation profile corresponding to Fig. 8 in the present study, we should

plot

aw W
2 ) e/?
< e 5 ) e (64)

according to Eq. (4.2.6a) in Andrews et al. (1987), where z is the dimension-
less logarithmic pressure coordinate as defined in section 2 of the present
study. The resulting profile is shown in Fig. 13. Comparing Fig. 8 with
Fig. 13, it can be seen that the feature of the vertical profiles of the ampli-
tudes of the Kelvin, gravity, and eastward Rossby-gravity modes observed
in Fig. 8, i.e., that they mostly follow the amplitude profile of the theoretical
solution assuming an isothermal atmosphere, but that below the 100 hPa
surface, the amplitude increase rate with height is smaller than that of the
theoretical solution, is consistent with the solution obtained by the shooting
method shown in Fig. 13. Note again, however, that the lower amplification
rate above the 5 hPa surface seen in Fig. 8 is due to dissipation, which is
not seen in the calculation of Fig. 13, which does not include dissipation,
and should be compared with Fig. 2. Note also that in Fig. 13, the de-
crease in the amplification rate above the 1 hPa surface is a reflection of
the negative vertical temperature gradient, as is the case in the lower part

below the 100 hPa surface. It can be understood that the amplification rate
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with increasing altitude is smaller in regions where the vertical temperature
gradient is negative, as follows. Considering equation (3) of Ishizaki et al.
(2023) and (64), the amplification rate r of the geopotential disturbance

with increasing dimensionless altitude z can be approximately expressed as,

r=—— -k (65)

where £, is the dimensionless complex vertical wavenumber, which is defined

as,

12 _ 1 (d(R*T*) 7 (66)

 g.h, dz

A~ =

+ KJR*T*) -

where T,(z) is the dimensional temperature of the background field. In
(66), since g.h, = YR, T, for an isothermal atmosphere, the amplification

rate becomes

r:%—m —S:%—\&—ﬁﬂ—@:%—%ﬂ—%ﬂzm (67)

On the other hand, in regions where T',(z) is a decreasing function of z, the

N

temperature gradient is found to have an effect in the direction of reducing
the amplification rate.

Next, focusing on the vertical profile of the phase shown in Fig. 8, it is
noticeable that for Rossby and Rossby-gravity modes at wavenumbers 3 and
above, the phase is significantly tilted to the west with heights in the upper

levels above 100 hPa. This large westward phase tilt is not observed in the
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eigenvalue analysis performed to draw Fig. 6 when only the zonal wind is
removed (not shown), so it is thought that the cause of this is mainly due
to the latitudinal /vertical distribution of the zonal wind. In the following,
we discuss qualitatively the effects of zonal flows on the phase structures
of these modes. For simplicity, we follow Matsuno (1966) and assume that
the dimensional eastward phase velocities of the 1st symmetric Rossby and
Rossby-gravity modes in the equatorial beta-plane are expressed by the

following equations, respectively.

Bs 1

cre = Ul2) = Dy,
Fae ¥ 2

(68)

_ 1 4
=T, —Bulgi 1 — 1+ —+ ], 69
¢rg. = Us(2) + 38 E( +(kx*lE*)2> (69)

where k,, is the dimensional longitudinal wavenumber, 5, = 2Q,/a., lg, =
(g hs) V4B /2 is the dimensional equatorial deformation radius, and U, (2)is
the background eastward wind speed, which we assume to be a function of z
only. To be an eigenmode, the phase velocity must be constant independent
of z, and since S, and k., are constant, the local [g, must vary with z in
the presence of the z-dependent background flow. Once the local g, is
determined in this way, the local g,h, is obtained as g.h, = [ Eﬁ f, and then
k? is determined by (66). The vertical profile §(z) of the phase relative to

z

z = 0 for each mode is determined by numerically solving the following
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initial value problem for the differential equation.

2~ Re(k.); 0(0) =0, (10)
where Re(+) is the operation of taking the real part of a complex number. To
determine k, from (66), we further assume that the structures of the modes
we are now considering are sufficiently Lamb-mode-like at z = 0, and we set
h, =10 km at z = 0. Furthermore, if the right-hand side of (66) is positive,
there remains some arbitrariness in how the sign of Re(k.) is determined, but
we will adopt the negative sign as the solution where the energy propagates
upwards. Figure 14 shows the vertical profiles of the Rossby and westward
Rossby-gravity mode phases obtained in this way. Here, T.(z) and U,(2)
are given by averaging the reanalysis data 20°N to 20°S, and the numerical
calculation of (70) is done by the classical 4th-order Runge-Kutta method
with setting the increments of z as Az = —1In(1073)/10%. In Fig. 14, the
phases are more tilted for larger zonal wavenumbers and for the westward
Rossby-gravity mode than for the Rossby modes. The westward tilts are
observed above 100 hPa, and this altitude coincides with the easterly region
in the tropics shown in Fig. 2. These results are qualitatively consistent with
Fig. 8 in the present study and Fig. 10 of Sakazaki and Hamilton (2020).
The effect of the zonal wind on the phase tilt of the modes discussed in

the previous paragraph can be seen more clearly in the eigenvalue analysis

for the case of a rigid-body rotating wind. Figure 15 shows the vertical
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structure of the latitudinally averaged (|¢| < 20°) geopotential disturbances
for the eigenmodes obtained by the eigenvalue analysis using the vertical
profile of the global mean temperature based on the reanalysis data and a

rigid-body rotation wind defined as follows,

U(p,z) = AUz cos(p), (71)

where, we set AU = % X 2.5m s L.

This means that if we take a dimen-
sional log-pressure height as z, = H,z and set H, = % X 10 km, the wind
speed at the equator increases by 0.25 m s™! per 1 km of the log-pressure
height. Figure 15 shows that for westerly rigid-body rotating winds, the
phases of these modes do not change much with altitude, while for easterly
winds, they tilt to the west with altitude, and the tilt is more pronounced
for the larger wavenumber modes. Comparing the westerly and easterly
cases, even if k2 < 0 and the phase does not change with height at the lower
level, the vertical structure of the mode becomes wavy as k2 > (0 when the
easterly wind increases with height, which together with the dissipation ef-
fect in the upper region of the model leads to the westward phase tilt. It can
also be understood that the degree of westward tilt in the case of easterly
winds differs depending on the type of mode and the zonal wavenumber,
since the value of k, differs for the same background wind. In Fig. 15, not

only the phase but also the amplitude deviates from the Lamb mode struc-

ture. Particularly in the case of westerly winds, the amplitudes decrease
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with height for modes with large zonal wavenumbers. This is because k?
becomes negative and has a large absolute value for westerly winds, and the
amplification rate calculated by (65) becomes negative. Note again, how-
ever, that the effect of dissipation is stronger above 10 hPa. To summarize
what has been discussed above, particularly for the Rossby-gravity mode
and at larger zonal wavenumbers, in the easterly wind regions, the phase is
tilted to the west and the amplitude is vertically amplified more than in the
Lamb mode structure, while in the westerly wind regions, the phase remains
almost constant and the amplitude is more evanescent. In Fig. 8, for the
Rossby and westward Rossby-gravity modes with zonal wavenumber 3 or
more, the phase is tiled to the west above about 100 hPa, and the amplitude
does not increase monotonically with decreasing pressure. Considering the
above analysis, the westward phase tilt is due to the easterly winds in the
stratospheric equatorial regions, while the amplitude decay with decreasing

pressure may be due to the strong mid-latitude westerlies.

4.5 Mechanism for the distortion of latitudinal structures un-
der the influence of background fields

Before closing this section, let us discuss the difference between the
latitudinal structures obtained by the eigenvalue analysis and the Hough

function structures. The Rossby and westward Rossby-gravity modes with
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large zonal wavenumbers have slow phase velocities and are sensitive to the
zonal wind, which can lead to changes in the latitudinal structures in the
same way as the vertical structure has changed. To investigate the effect
of the latitudinal profile of the zonal wind on the latitudinal structures of
the eigenmodes, the eigenvalue analysis for the zonal wind at the 500 hPa
surface based on the reanalysis data with a constant mean depth of 10
km using the barotropic atmospheric model is performed according to the
method of Kasahara (1980). Figure 16 shows the latitudinal structures of
the geopotential disturbance for the Rossby and westward Rossby-gravity
modes obtained by the eigenvalue analysis of the barotropic atmospheric
model. For both types of eigenmodes, the absolute values of the amplitudes
are larger in the northern hemisphere with notable differences at larger zonal
wavenumbers. The characteristics of the amplitudes being larger in the
northern hemisphere at larger zonal wavenumbers is consistent with Fig. 7,
but the peaks of the amplitude becoming closer to the equator cannot be
observed. Therefore, it seems necessary to consider not only the latitudinal
profile of the zonal winds but also the vertical structure of the zonal winds
in order to understand the amplitude concentration near the equator in the

case of large wavenumbers of these modes, as seen in Fig. 7.
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5. Summary

Inspired by the comprehensive detection of atmospheric free oscillation
modes using the ERA5 reanalysis data by Sakazaki and Hamilton (2020),
in the present study a linear eigenvalue analysis of the primitive equations
was performed with the zonal mean wind and temperature fields based on
the ERA5 data as the basic fields to investigate the effect of background
fields on the atmospheric free oscillations with a Lamb mode-like vertical
structure. Specifically, the primitive equations in the sigma coordinate were
discretized for a given basic field uniform in longitude using a discretiza-
tion of the three-dimensional spectral method according to Ishioka et al.
(2022), with spherical harmonic expansion in the horizontal direction and
Legendre polynomial expansion in the sigma direction. The equations were
solved numerically as a matrix eigenvalue problem for each zonal wavenum-
ber, and the eigenfrequencies and eigenvectors were obtained. Since such an
eigenvalue analysis provides not only Lamb modes deformed by the back-
ground field but also spurious eigenmodes due to the finite model top, we
introduced a dissipative term in the model for linear eigenvalue analysis,
and focusing on the vertical phase structure, latitudinal structure, eigenfre-
quency, and decay rate in the time direction of each eigenmode, we extracted
Lamb-mode-like solutions from these eigenmodes. The zonal mean of the

ERADS5 reanalysis data from 2011 to 2020 was used as the basic field for the
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eigenvalue analysis. In addition, to evaluate the influence of the latitudi-
nal/vertical structure of the zonal wind and temperature fields, eigenvalue
analyses were also performed for the cases where the zonal wind was set
to zero and where the vertical structure of the global mean temperature
field was given as the temperature field for comparison. The eigenfrequen-
cies of the eigenmodes obtained by eigenvalue analysis for the zonal mean
wind and temperature field were in good agreement with those obtained
by spectral analysis in Sakazaki and Hamilton (2020), indicating that the
deviations of the eigenfrequencies obtained by the spectral analysis from
those obtained by Laplace’s tidal equation at the equivalent depth of 10
km, which is thought to be the typical equivalent depth of the Lamb mode
for the real atmosphere, are mainly due to the zonal wind and temperature
variations in the latitudinal and vertical directions. The effect of the zonal
wind on the eigenfrequencies of the obtained modes was larger than that
of the latitudinal variation of the temperature field for most eigenmodes,
but this was not the case for the Rossby mode with zonal wavenumber 1,
and for this mode, the effect of the latitudinal temperature variation was
dominant. This result was in agreement with that of the spectral analysis
of Sakazaki and Hamilton (2020) and the linear eigenvalue analysis of the
shallow water equations of Kasahara (1980). The eigenvalue analysis also

showed that the effect of the zonal wind on the eigenfrequencies includes not
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only the Doppler shift effect, but also the effect of the latitudinal derivative
of the zonal wind, i.e. the vorticity.

The vertical structures of the geopotential disturbances of the eigen-
modes obtained by the eigenvalue analysis were also in good agreement
with those obtained in Sakazaki and Hamilton (2020), especially in the
sense that two types of differences from the theoretical vertical structure
of the Lamb mode for a stationary isothermal atmosphere were observed.
One of these differences was that for most of the eigenmodes obtained, the
amplitude amplification rate with increasing altitude was smaller than that
of the theoretical Lamb mode solution below 100 hPa. This is due to the
negative vertical temperature gradient in the troposphere. The other dif-
ference was that for the Rossby and westward Rossby-gravity modes with
large zonal wavenumbers, the phase was strongly tilted to the west above
100 hPa and the amplitude decay was also observed over a wide range of
altitudes. This phase tilt was qualitatively explained using the dispersion
relation of the corresponding equatorial wave modes with assuming that the
phase speed of each eigenmode should be independent of the altitude. That
is, these modes with slow phase speeds must have a wavy vertical structure
in the presence of a certain strength of the background easterly wind, while
they must have more evanescent vertical structures in the westerly wind

regions than that for the theoretical Lamb mode solution for a stationary
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isothermal atmosphere. The effect of the background wind direction on
the vertical structure of the eigenmodes was similarly explained by Salby
(1981a, b) using the refractive index of the waves, and the explanation here
is not necessarily brand new, but it is unique in that the phase structure
was specifically calculated using dispersion relations and compared with the
results of the eigenvalue analysis.

The latitudinal structures of the surface pressure fields of the eigen-
modes obtained by the eigenvalue analysis in the present study were almost
identical to the structures of the corresponding Hough functions for Kelvin
modes, gravity modes and eastward propagating Rossby-gravity modes as-
suming an isothermal stationary atmosphere. However, for the westward
Rossby-gravity modes and Rossby modes with slow phase speeds, i.e. large
zonal wave numbers, obtained in the present study, the latitudinal distri-
bution of their amplitudes deviated from the theoretical Hough function
structure, the equatorial symmetry was broken, and the peaks were shifted
more equatorward than in the Hough function case. In Sakazaki and Hamil-
ton (2020), the latitudinal structure of the amplitudes of the eigenmodes
extracted from the spectral analysis of the ERAb5 data also showed differ-
ences from the theoretically obtained structure of the Hough modes. The
fact that the differences were large for the westward Rossby-gravity and

the Rossby modes with large zonal wavenumbers was consistent with the
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results of the present study, but the differences from the Hough modes in
Sakazaki and Hamilton (2020) were much larger than those obtained in the
present study. Moreover, the tendency for the amplitudes in the equatorial
regions to be larger than those of the corresponding Hough modes was ob-
served for several gravity modes in Sakazaki and Hamilton (2020), but no
such difference was observed for the gravity modes obtained in the present
study, and in this respect, too, the results of the present study were incon-
sistent with those of the spectral analysis of Sakazaki and Hamilton (2020).
This discrepancy may be due to the limited duration of the time window
analyzed by Sakazaki and Hamilton (2020), or to contamination from other
eigenmodes when the latitudinal structure of each mode was determined by
regression in Sakazaki and Hamilton (2020), as well as to the influence of
the topography and sea-land distribution in the real atmosphere.

Finally, let us describe the advantages and points to note of the method
of the eigenvalue analysis of the free oscillation modes in the present study
in comparison with previous studies. In a sense, the method of the present
study is an extension of the two-dimensional eigenvalue analysis for the
barotropic atmospheric model of Kasahara (1980) to the three-dimensional
primitive equations. Compared to methods such as Geisler and Dickinson
(1976), Schoeberl and Clark (1980), and Salby (1981a, b), which searched for

resonant solutions by determining the frequency of the forcing, the present
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method has the advantage that individual eigenmodes can be obtained di-
rectly at once, and even if there are several modes with close eigenfre-
quencies, they can be extracted separately. On the other hand, a point
to note of the eigenvalue analysis performed in the present study is that
the model used in the present study is based on the formulation of the
three-dimensional spectral method of Ishioka et al. (2022), which results
in a coarse grid spacing in the upper layers. It is therefore not suitable
for investigating the structure of free oscillations in the upper layers of the
atmosphere. In addition, a weak dissipation was introduced in the present
study to suppress spurious modes due to the finite model top, but this is
only for convenience and does not properly correspond to the dissipation
in the real atmosphere. Therefore, our future task will be to perform the
eigenvalue analysis in a revised three-dimensional model with narrow grid
spacing also up to the mesosphere with realistic dissipation and to investi-
gate the frequencies and latitudinal /vertical structures of the Lamb modes
affected by a background field. Such an eigenvalue analysis using the model
capable of adequately resolving the higher atmospheric regions would allow
the analysis of the eigenmodes corresponding to the Pekeris modes detected
in Watanabe et al. (2022). Furthermore, in the present study the 10-year
averaged zonal wind and temperature fields were used as the basic fields,

but more complex latitudinal /vertical structures of the Lamb modes are ex-

o1



958

959

960

961

962

963

964

965

966

967

968

969

970

971

972

973

974

975

976

pected, especially at the solstice condition as shown by Salby (1981b), when
the north-south asymmetry of the basic fields is significant. Given such a
background field, where a strong easterly wind appears in the mesosphere,
critical layers for Rossby and westward Rossby-gravity modes will appear.
In such cases, the eigenmode extraction method as proposed in the present
study may not work well. Therefore, as our future work, we should perform
an eigenvalue analysis with taking into account the seasonal dependence
of the background field and, if necessary, modify the eigenmode extraction
method to investigate the seasonal characteristics of the Lamb modes and

compare them with those obtained in observational studies. (e.g. Sekido et

al., 2024).

Data Availability Statement

For the ERAD, pressure-level data (Hersbach et al., 2023) were down-
loaded from https://cds.climate.copernicus.eu/cdsapp#!/dataset /reanalysis-
erab-pressure-levels?tab=overview, while model-level data (Hersbach et al.,
2017) were obtained through the Meteorological Archival and Retrieval Sys-
tem (MARS). The datasets generated and analyzed in the present study are

available from the corresponding author on reasonable request.

Acknowledgments

52



977

978

979

980

We thank two anonymous reviewers and the editor, Dr. Masashi Kohma,
for their helpful comments. This work was supported by JSPS KAKENHI
Grant Numbers 20K04061, 23K25941, 24K07136, and 24K00706. Python

and matplotlib were used to draw figures.

53



081 References

w2 Andrews, D. G., J. R. Holton, and C. B. Leovy, 1987: Middle atmosphere

083 dynamics. Academic press, 489pp.
s Chapman, S. and R. S. Lindzen, 1970: Atmospheric tides. Springer, 200pp.

ws Geisler, J. E., and R. E. Dickinson, 1976: The five-day wave on a sphere

986 with realistic zonal winds. J. Atmos. Sci., 33, 632-641.

sz Hersbach, H., B. Bell, P. Berrisford, S. Hirahara, A. Horanyi, J. Mufioz-
088 Sabater, J. Nicolas, C. Peubey, R. Radu, D. Schepers, and A. Simmons,
989 2017: Complete ERAS from 1950: Fifth generation of ECMWEF atmo-
990 spheric reanalyses of the global climate. Copernicus Climate Change Ser-

v wvice (C3S) Data Store (CDS). (Last accessed on 1 April 2023)

9

©

w2 Hersbach, H., B. Bell, P. Berrisford, S. Hirahara, A. Horanyi, J. Mutioz-
903 Sabater, J. Nicolas, C. Peubey, R. Radu, D. Schepers, A. Simmons, C.
904 Soci, S. Abdalla, X. Abellan, G. Balsamo, P. Bechtold, G. Biavati, J.
905 Bidlot, M. Bonavita, G. De Chiara, P. Dahlgren, D. Dee, M. Diamantakis,
996 R. Dragani, J. Flemming, R. Forbes, M. Fuentes, A. Geer, L. Haimberger,
007 S. Healy, R. J. Hogan, E. Hélm, M. Janiskova, S. Keeley, P. Laloyaux,

908 P. Lopez, C. Lupu, G. Radnoti, P. de Rosnay, I. Rozum, F. Vamborg, S.

o4



999 Villaume, and J.-N. Thépaut, 2020: The ERA5 global reanalysis. Quart.

1000 J. Roy. Meteor. Soc., 146, 1999-2049.

wn  Hersbach, H., B. Bell, P. Berrisford, G. Biavati, A. Horanyi, J. Munoz
1002 Sabater, J. Nicolas, C. Peubey, R. Radu, I. Rozum, D. Schepers, A.
1003 Simmons, C. Soci, D. Dee, and J.-N. Thépaut, 2023: ERA5 monthly
1004 averaged data on pressure levels from 1940 to present. Copernicus Climate
ws  Change Service (C3S) Data Store (CDS), doi: 10.24381/cds.6860a573.

wes  (Last accessed on 1 February 2021).

wor  Hirota, 1., and T. Hirooka, 1984: Normal Mode Rossby Waves Observed
1008 in the Upper Stratosphere. Part I: First Symmetric Modes of Zonal

1009 Wavenumbers 1 and 2. J. Atmos. Sci., 41, 1253-1267.

wwo Ishioka, K., 2023: What is the equivalent depth of the Pekeris mode? J.

1011 Meteor. Soc. Japan, 101, 139-148.

w2 Ishioka, K., N. Yamamoto, and M. Fujita, 2022: A Formulation of a Three-
1013 Dimensional Spectral Model for the Primitive Equations. J. Meteor. Soc.

1014 Japan, 100, 445-469.

ws Ishizaki, H., T. Sakazaki, and K. Ishioka, 2023: Estimation of the Equivalent
1016 Depth of the Pekeris Mode Using Reanalysis Data. J. Meteor. Soc. Japan,

1017 101, 461-469.

95



1018

1019

1020

1021

1022

1023

1024

1025

1026

1027

1028

1029

1030

1031

1032

1033

1034

1035

1036

Jones, R. M., 2005: A general dispersion relation for internal gravity waves
in the atmosphere or ocean, including baroclinicity, vorticity, and rate of

strain. J. Geophys. Res., 110, D22106.

Kasahara, A., 1976: Normal Modes of Ultralong Waves in the Atmosphere.

Mon. Wea. Rev., 104, 669-690

Kasahara, A., 1980: Effect of Zonal Flows on the Free Oscillations of a

Barotropic Atmosphere. J. Atmos. Sci., 37, 917-929.

Kunze, E., 1985: Near-inertial Wave Propagation in Geostrophic shear. J.

Phys. Oceanogr., 15, 544-565

Lamb, H., 1911: On atmospheric oscillations. Proc. Roy. Soc. A, A84, 551—

D72.

Lindzen, R. S., E. S. Batten, and J.-W. Kim, 1968: Oscillations in atmo-

spheres with tops. Mon. Wea. Rev., 96, 133-140.

Longuet-Higgins, M. S.; 1968: The eigenfunctions of Laplace’s tidal equa-

tion over sphere. Philos. Trans. Roy. Soc. London, A262, 511-607.

Matsuno, T., 1966: Quasi-geostrophic motions in the equatorial area. .J.

Meteor. Soc. Japan, 44, 25—43.

Pekeris, C. L., 1937: Atmospheric oscillations. Proc. Roy. Soc. A, A158,

650-671.

56



1037

1038

1039

1040

1041

1042

1043

1044

1045

1046

1047

1048

1049

1050

1051

1052

1053

1054

1055

Sakazaki, H., and K. Hamilton, 2020: An Array of Ringing Global Free
Modes Discovered in Tropical Surface Pressure Data. J. Atmos. Sci., 77,

2519-2539.

Salby, M. L., 1981a: Rossby normal modes in nonuniform background con-

figurations. Part 1: Simple fields. J. Atmos. Sci., 38, 1803—-1826.

Salby, M. L., 1981b: Rossby normal modes in nonuniform background con-
figurations. Part 2: Equinox and solstice conditions. J. Atmos. Sci., 38,

1827-1840.

Sekido, H., K. Sato, H. Okui, D. Koshin, T. Hirooka, 2024: A Study of
Zonal Wavenumber 1 Rossby-Gravity Wave Using Long-Term Reanalysis
Data for the Whole Neutral Atmosphere. J. Meteor. Soc. Japan, 102,

939-553.

Shepherd, T. G., I. Polichtchouk, R. J. Hogan, and A. J. Simmons, 2018:
Report on Stratosphere Task Force. ECMWEF Technical Memoranda 824.,

https://doi.org/10.21957 /0vkpOt 1xx.

Schoeberl, M. R., and J. H. E. Clark, 1980: Resonant Planetary Waves in

a Spherical Atmosphere. J. Atmos. Sci., 37, 20-28.

Taylor, G. 1., 1929: Waves and tides in the atmosphere. Proc. Roy. Soc. A,

A126, 169-183.

o7



wse  Watanabe, S., K. Hamilton, T. Sakazaki, and M. Nakano, 2022: First De-
1057 tection of the Pekeris Internal Global Atmospheric Resonance: Evidence
1058 from the 2022 Tonga Eruption and from Global Reanalysis Data. J. At-

1050 mos. Sci., 79, 3027-3043.

58



1060

1061

1062

1063

1064

1065

1066

1067

1068

1069

1070

1071

1072

1073

1074

1075

1076

1077

1078

1079

1080

1081

1082

1083

1084

1085

1086

1087

1088

1089

1090

1091

1092

1093

1094

List of Figures

The vertical profile of dissipation relaxation times introduced
into the eigenvalue analysis model. . . . . . . ... ... ..
Distribution of temporally and zonally averaged zonal wind
(contours) and temperature (color shading) of the ERA5
monthly averaged data from 2011 to 2020. The contour inter-
val is 8 m s! (that of thick line is 16 m s™!) and the dashed
lines show negative values (i.e. westward wind). . . . . . ..
Dependence of the vertical structures of the latitudinally av-
eraged (|| < 20°) geopotential fields of the zonal wavenum-
ber 1 eigenmodes obtained from the eigenvalue analysis on
the dissipation term parameter when a stationary isother-
mal atmosphere at 243.90 K is used as the background field.
The amplitude of each mode as a function of the pressure is
plotted as curves, and the longitudinal phase is indicated by
points. (a): Kelvin mode, (b): the gravest equatorially sym-
metric Rossby mode, (c) the gravest equatorially symmet-
ric eastward gravity mode, and (d): the westward Rossby-
gravity mode. The labels indicating the dissipation parame-
ter sets (A—E) are the same as in Table 1. The color legend is
shown in the figure. The theoretical vertical amplitude struc-
tures obtained from the vertical structure equation (VSE) for
the stationary isothermal atmosphere are also shown in the
figure. . . . ..
Deviations (Af: vertical axis) between the eigenfrequencies
obtained from the eigenvalue analysis for the zonal mean
zonal wind and the zonal mean temperature field (fyodel)
and those obtained from the Laplace tidal equation (LTE)
at the equivalent depth of 10 km (frheory). The horizontal
axis is the zonal wavenumber, with positive values indicating
eastward modes and negative values westward modes. (a):
for equatorially symmetric modes (Kelvin mode, 1st gravity
mode, and the gravest Rossby mode). (b): for equatorially
antisymmetric modes (Rossby-gravity mode and 1st gravity
mode). The color legend is shown in the figure. . . . . . ..
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Same as Fig. 4 except that the deviation between the eigenfre-
quencies obtained from the eigenvalue analysis for the zonal
mean zonal wind but with the global mean temperature field
(fwina) and those obtained from the eigenvalue analysis with-
out the background wind but with the global mean temper-
ature field (fp) isshown. . . . ... ...
Same as Fig. 5 except that the deviation between the eigen-
frequencies obtained from the eigenvalue analysis without the
background wind but with the zonal mean temperature field
(fremp) and those obtained from the eigenvalue analysis with-
out the background wind but with the global mean temper-
ature field (fp) isshown. . . . ... ...
Latitudinal structure of the absolute value of the surface pres-
sure field of each mode obtained by the eigenvalue analysis
with the zonal mean zonal wind and temperature field based
on the reanalysis data (orange curve). The corresponding
Hough function structures obtained by solving the Laplace
tidal equation (LTE) with the equivalent depth of 10 km are
also underlaid (blue curve). The vertical axis is the latitude
and the horizontal axis is the amplitude (normalized so that
the maximum is the unity). The zonal wavenumbers (m)
are shown at the top of the figure and the mode types are
shown at the left of the figure. Here, (each row from the
top to the bottom), “2nd G.(S)” denotes the 2nd symmetric
gravity modes, “lst G.(S)” denotes the 1st symmetric gravity
modes, “K.(S)” indicates the Kelvin modes, “R.(S)” denotes
the (gravest) symmetric Rossby modes, “2nd G.(A-S)” de-
notes the 2nd antisymmetric gravity modes, “Ist G.(A-S)”
denotes the 1st antisymmetric gravity modes, and “R.-G.(A-
S)” denotes the Rossby-gravity modes. . . . . ... ... ..
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Vertical structures of the latitudinally averaged (|p| < 20°)
geopotential fields for the eigenmodes obtained from the eigen-
value analysis with the the zonal mean zonal wind and tem-
perature field based on the reanalysis data. The amplitude of
each mode as a function of the pressure is plotted as curves,
and the longitudinal phase is indicated by points. The ver-
tical amplitude structure obtained from the vertical struc-
ture equation (VSE) for a stationary isothermal atmosphere
at 243.90 K (Lamb mode structure) are also plotted (black
lines). Note that since we are now considering eigenmodes,
the amplitude profile is meaningful, but the absolute value
itself is not, so the amplitude of the Lamb mode is set much
smaller than the amplitudes of the eigenmodes obtained. The
mode types are shown at the top of the each panel. The zonal
wavenumbers (m) are indicated by different colors, the legend
of which is shown in each panel. . . . . ... ... ... ..
Same as Fig. 5 except that fwiu.q are obtained by the eigen-
value analysis for the zonal mean zonal wind and the global
mean temperature field with the basic field of relative vortic-
itysettozero. . . . . . ...
Distribution of the Ertel’s potential vorticity (contours) and
the Brunt-Viisila frequency (color shading) for the zonal
mean field with the zonal wind neglected. (a): the case where
the global mean field is used as the temperature field. (b):
the case where the latitudinal structure of the temperature
field is taken into account. Note that the unit of the potential
vorticity is 0.5 x 10® m2Ks~'kg™! and the contour intervals
are not evemn. . . ... ... Lo
Same as Fig. 4 except that the deviation between the eigenfre-
quencies obtained from the eigenvalue analysis for the zonal
mean zonal wind and temperature field (fyjoqe1) and those ob-
tained from the eigenvalue analysis without the background

wind but with the global mean temperature field (fy) is shown. 74
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Same as Fig. 4 except that the deviation between the eigen-
frequencies obtained from the eigenvalue analysis without
the background wind but with the global mean temperature
field (fy) and those obtained from the Laplace tidal equa-
tion (LTE) at the equivalent depth (h) of 9.8 km (frheory)
are plotted (closed dots). The deviation for the case where
fTheory 1s Obtained at the equivalent depth of 10 km is also
plotted (open circles). Note that the range of the vertical
axis is different from that in Fig. 4, 5,6, 9, and 11. . . . . . 75
The vertical amplitude structure of the geopotential of Lamb
mode obtained by solving the vertical structure equation
(VSE) under the global mean temperature field (blue curve).
That obtained for the isothermal atmosphere is also plotted
(black curve). Similar to Fig. 8, the absolute value itself is not
meaningful, so the amplitude profile for the case of isother-
mal atmosphere (black curve) is set much smaller than that
for the case of global mean temperature filed (blue curve). . 76
The vertical structures of the phase for the (a) Rossby and
(b) westward Rossby-gravity modes calculated by assuming
that the frequencies at any level, determined by the respective
dispersion relation in the equatorial S-plain approximation,
are equal and using the latitudinally averaged (|¢| < 20°)
zonal wind and temperature based on the reanalysis data.
The zonal wavenumbers (m) are indicated by different colors,
the legend of which is shown in each panel. . . . . . . .. .. 7
Same as Fig. 8 except that the vertical structures of the
geopotential disturbances for the Rossby and westward Rossby-
gravity modes are obtained by the eigenvalue analysis with
the vertical profile of the global mean temperature based on
the reanalysis data and the rigid-body rotation wind defined
by (71). (a) and (b): case for the easterly rigid-body rotation
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Same as Fig. 7 except that the latitudinal structures plotted
by the orange curve are those of the geopotential fields ob-
tained the eigenvalue analysis for the 500 hPa surface zonal
wind based on the reanalysis data with the constant mean
depth of 10 km using the barotropic atmospheric model,
and those for only the Rossby and westward Rossby-gravity
modes are plotted. . . . . ... ... oL
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Fig. 1. The vertical profile of dissipation relaxation times introduced into
the eigenvalue analysis model.
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Fig. 3. Dependence of the vertical structures of the latitudinally averaged
(l¢] < 20°) geopotential fields of the zonal wavenumber 1 eigenmodes
obtained from the eigenvalue analysis on the dissipation term param-
eter when a stationary isothermal atmosphere at 243.90 K is used as
the background field. The amplitude of each mode as a function of the
pressure is plotted as curves, and the longitudinal phase is indicated
by points. (a): Kelvin mode, (b): the gravest equatorially symmetric
Rossby mode, (c) the gravest equatorially symmetric eastward gravity
mode, and (d): the westward Rossby-gravity mode. The labels indi-
cating the dissipation parameter sets (A-E) are the same as in Table
1. The color legend is shown in the figure. The theoretical vertical am-
plitude structures obtained from the vertical structure equation (VSE)
for the stationary isothermal atmosphere are also shown in the figure.
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Fig. 4. Deviations (Af: vertical axis) between the eigenfrequencies ob-
tained from the eigenvalue analysis for the zonal mean zonal wind and
the zonal mean temperature field (fyoqe1) and those obtained from the
Laplace tidal equation (LTE) at the equivalent depth of 10 km ( frheory)-
The horizontal axis is the zonal wavenumber, with positive values in-
dicating eastward modes and negative values westward modes. (a): for
equatorially symmetric modes (Kelvin mode, 1st gravity mode, and
the gravest Rossby mode). (b): for equatorially antisymmetric modes
(Rossby-gravity mode and 1st gravity mode). The color legend is shown
in the figure.
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Fig. 5. Same as Fig. 4 except that the deviation between the eigenfrequen-
cies obtained from the eigenvalue analysis for the zonal mean zonal
wind but with the global mean temperature field (fwina) and those ob-
tained from the eigenvalue analysis without the background wind but
with the global mean temperature field (fy) is shown.
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Fig. 6. Same as Fig. 5 except that the deviation between the eigenfrequen-
cies obtained from the eigenvalue analysis without the background wind
but with the zonal mean temperature field (fremp) and those obtained
from the eigenvalue analysis without the background wind but with the
global mean temperature field (fy) is shown.
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Fig. 7. Latitudinal structure of the absolute value of the surface pressure
field of each mode obtained by the eigenvalue analysis with the zonal
mean zonal wind and temperature field based on the reanalysis data
(orange curve). The corresponding Hough function structures obtained
by solving the Laplace tidal equation (LTE) with the equivalent depth
of 10 km are also underlaid (blue curve). The vertical axis is the lati-
tude and the horizontal axis is the amplitude (normalized so that the
maximum is the unity). The zonal wavenumbers (m) are shown at the
top of the figure and the mode types are shown at the left of the fig-
ure. Here, (each row from the top to the bottom), “2nd G.(S)” denotes
the 2nd symmetric gravity modes, “Ist G.(S)” denotes the 1st symmet-
ric gravity modes, “K.(S)” indicates the Kelvin modes, “R.(S)” denotes
the (gravest) symmetric Rossby modes, “2nd G.(A-S)” denotes the 2nd
antisymmetric gravity modes, “lst G.(A-S)” denotes the 1st antisym-
metric gravity modes, and “R.-G.(A-S)” denotes the Rossby-gravity
modes.
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Fig. 8. Vertical structures of the latitudinally averaged (|| < 20°) geopo-
tential fields for the eigenmodes obtained from the eigenvalue analysis
with the the zonal mean zonal wind and temperature field based on
the reanalysis data. The amplitude of each mode as a function of the
pressure is plotted as curves, and the longitudinal phase is indicated
by points. The vertical amplitude structure obtained from the vertical
structure equation (VSE) for a stationary isothermal atmosphere at
243.90 K (Lamb mode structure) are also plotted (black lines). Note
that since we are now considering eigenmodes, the amplitude profile is
meaningful, but the absolute value itself is not, so the amplitude of the
Lamb mode is set much smaller than the amplitudes of the eigenmodes
obtained. The mode types are shown at the top of the each panel. The
zonal wavenumbers (m) are indicated by different colors, the legend of
which is shown in each panel.
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Fig. 9. Same as Fig. 5 except that fwing are obtained by the eigenvalue anal-
ysis for the zonal mean zonal wind and the global mean temperature
field with the basic field of relative vorticity set to zero.
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Fig. 11. Same as Fig. 4 except that the deviation between the eigenfrequen-
cies obtained from the eigenvalue analysis for the zonal mean zonal
wind and temperature field (fyoae1) and those obtained from the eigen-
value analysis without the background wind but with the global mean
temperature field (fy) is shown.
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Fig. 12. Same as Fig. 4 except that the deviation between the eigenfrequen-
cies obtained from the eigenvalue analysis without the background wind
but with the global mean temperature field (fy) and those obtained
from the Laplace tidal equation (LTE) at the equivalent depth (h) of
9.8 km (frheory) are plotted (closed dots). The deviation for the case
where frheory 18 obtained at the equivalent depth of 10 km is also plot-
ted (open circles). Note that the range of the vertical axis is different
from that in Fig. 4, 5, 6, 9, and 11.
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Fig. 13. The vertical amplitude structure of the geopotential of Lamb mode
obtained by solving the vertical structure equation (VSE) under the
global mean temperature field (blue curve). That obtained for the
isothermal atmosphere is also plotted (black curve). Similar to Fig. 8,
the absolute value itself is not meaningful, so the amplitude profile for
the case of isothermal atmosphere (black curve) is set much smaller
than that for the case of global mean temperature filed (blue curve).
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Fig. 14. The vertical structures of the phase for the (a) Rossby and (b)
westward Rossby-gravity modes calculated by assuming that the fre-
quencies at any level, determined by the respective dispersion relation
in the equatorial S-plain approximation, are equal and using the latitu-
dinally averaged (|| < 20°) zonal wind and temperature based on the
reanalysis data. The zonal wavenumbers (m) are indicated by different
colors, the legend of which is shown in each panel.
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Fig. 15. Same as Fig. 8 except that the vertical structures of the geopotential
disturbances for the Rossby and westward Rossby-gravity modes are
obtained by the eigenvalue analysis with the vertical profile of the global
mean temperature based on the reanalysis data and the rigid-body
rotation wind defined by (71). (a) and (b): case for the easterly rigid-
body rotation wind. (c) and (d): case for the westerly rigid-body
rotation wind.
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gravity modes are plotted.
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List of Tables

Dependence of the eigenfrequencies (cpd) of the zonal wavenum-

ber 1 eigenmodes obtained from the eigenvalue analysis on
the dissipation term parameter when a stationary isothermal
atmosphere at 243.90 K is used as the background field. Each
row corresponds to the Kelvin mode, the gravest equatori-
ally symmetric eastward gravity mode, the westward Rossby-
gravity mode and the gravest equatorially symmetric Rossby
mode. Columns A—E represent different combinations of dis-
sipative parameters. A: o =1 x 1072, ag, = 1 x 107% s71;
B:og=1x10"2, ap, =1 x10°s7L; C:op = 1 x 1073,
ap, = 1 x 107 s71; D (the default setting): or =1 x 1073,
ap, = 1x107% 571 BE: o0 = 1, ag, = 0. The rightmost col-
umn shows the eigenfrequencies obtained from the Laplace
tidal equation (LTE) with an equivalent depth of 10 km.
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Table 1. Dependence of the eigenfrequencies (cpd) of the zonal wavenumber
1 eigenmodes obtained from the eigenvalue analysis on the dissipation
term parameter when a stationary isothermal atmosphere at 243.90 K
is used as the background field. Each row corresponds to the Kelvin
mode, the gravest equatorially symmetric eastward gravity mode, the
westward Rossby-gravity mode and the gravest equatorially symmet-
ric Rossby mode. Columns A-E represent different combinations of
dissipative parameters. A: op = 1 x 1072, ap, = 1 x 107* s7!; B:
or=1x10"2, ap, =1x10%s 1 Ciop=1x10"3, ar, =1x 107*
s71; D (the default setting): or = 1 x 1072, ag, = 1 x 107 s7}; E:
or =1, ag, = 0. The rightmost column shows the eigenfrequencies ob-
tained from the Laplace tidal equation (LTE) with an equivalent depth
of 10 km.

| (A B ¢ [D [E [LTE |
Kelvin 0.7085 | 0.7240 | 0.7277 | 0.7326 | 0.7389 | 0.7403
Eastward gravity 2.5042 | 2.5351 | 2.5419 | 2.5521 | 2.5649 | 2.5684
Westward Rossby-gravity | 0.8291 | 0.8384 | 0.8398 | 0.8421 | 0.8441 | 0.8445
Rossby 0.1866 | 0.1946 | 0.1954 | 0.1974 | 0.1990 | 0.1992
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